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ABSTRACT /ﬁ(
¢¢705)g

The factors which govern the distribution
of electrons and ions 1in the earth's exosphere
are discussed. The theory takes into account
the effect of the electric field which arises
from charge separation, the centrifugal force

arising from the rotation of the earth and the

effect of the earth's gravitational field. It

jo

is assumed that the charged particles are con-
strained to move only along the direction of
the earth's magnetic lines of force. The
modifications that result in the electron and
ion distributions when a temperature variation
is assumed along a line of force are also

considered.

The results predicted by the theory are
compared with actual experimental observations
of the exospheric plasma which have been obtained
in recent years using whistlers and using top-

side ionograms made by the Alouette satellite.
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FIGURES

Figures 1 - 7 are included in the text.
Figures 8 - 22 are presented at the back of the report.

Gravitational and centrifugal forces (fp and To) 4
acting on unit mass located at the point A

defined by one of the coordinate pairs (r,s),

(6 o ,8) or (eo,s)

The relative meagnitudes of the gravitational and 6

centrifugal lforces at different points along
a line of force.

To illustrate an element of volume taken along 8
a line of force. The partial pressures of the ions
and electrons, and pg»and the electric

field E,(Mange 196%) are also shown.

Distribution of electron and ion densities with 21
the temperature-modified geopotential height, z,

for the case C =1 and constant temperature

T = 1000 K.

Variation of temperature-modified geopotentilal 25

height, z, with altitude, h, for an isothermal
exosphere.

Parameters used to calculate Reg at the 27
reference level at two magnetically conjugate

points when the temperature in the northern

and southern hemispheres are different but

constant in each hemisphere.

Parameters used to calculate Reo at the 29
reference level at two magnetically conjugate

points when the temperature is taken as a

continuous function Ty(s) in the northern

hemisphere, and Tg(s) 1in the southern
hemisphere. At points 1 and 2, the temperatures

are the same.
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NOTE: TFigs. 8 - 22 are presented at the end of the repors.

Fig. 8. Variation of the ion composition at 500 km with
the temperature at that level (Rauer 1963).

Fig. 9a. Relative electron and ion densities as a function
of the geopotential height, z, for an isothermal
exosphere. The form of the distributions depends
strongly on the assumed base level composition and
the assumed temperature as may be seen by comparing
the above with the subsequent figures.

Fig. 9b. Relative electron and ion densities as a function
of the geopotential height, z, for an isothermal
exosphere. Comparison with Fig. 9c¢ indicates
the effect on the distributions of changing the
temperature only.

Fig. 9c. Relative electron and 1lon densities as a function
of the geopotential helght, z, for an isothermal
exosphere. Comparison with Fig. 9b indicates
the effect on the distributions of changing the
temperature only. Comparison with Fig. 9d reveals
the effect of changing the base composition only.

Fig. 9d. Relative electron and i1lon densities as a function
of the geopotential height, z, for an isothermal
exosphere. Comparison with Fig. 9c¢ reveals the
effect of changing the base composition only.

Fig. 9e. Relative electron and ion densities as a function
of the geopotential height, z, for an isothermal
exosphere with a relatively high temperature.

Fig. 10. Summary of the results of Figs. 9a - e for the
relative electron density distributions in the
exosphere over a wide range of conditions.

Fig. 11. The variation with temperature of the levels
at which the ions indicated have equal abundances.
The broken lines correspond to the cases when
the composition at the base level depends on
the temperature there (through equations (65)).
The continuous lines correspond to the cases when
the composition at the base level is 1ndependent
of temperature (Composition 1). These results
are in agreement with those presented earlier by
Rauer (1962).
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Fig.

Fig.
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Fig.
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12a.

12b.

12c.

13.

1l4a.

14p.

ldc.

To ijllustrate, for an isothermal exosphere,
the relative electron density distributions
along a field line with feet (at 500 km above
the earth) at geomagnetic latitude 45° (see
Tables 1 and 2).

To 1llustrate, for an isothermal exosphere,

the relative electron density distributions
along a field line with feet (at 500 km above
the earth) at geomagnetic latitude 55° ( see
Tables 1 and 2). The broken lines indicate

the distributions which would have been obtained
if the centrifugal force had been neglected.

To 1llustrate, for an isothermal exosphere,

the relative electron density distributions
along a field line with feet (at 500 km above
the earth) at geomagnetic latitude 65° ( see
Tables 1 and 2). The broken lines indicate

the distributions which would have been obtalned
if the centrifugal force had been neglected.

Schematic diagram to illustrate the variation
of temperature along a line of force. Tq(s) is
used for the temperature distributions in the
northern éwinterg hemisphere and To(s) for the
southern (summer) hemisphere.

To 1llustrate, for a non-isothermal exosphere

( see Fig. 13), the relative electron density
distribution along a field line with feet (at
500 km above the earth) at geomagnetic latitude
35° (see Tables 1 and 2).

To illustrate, for a non-isothermal exosphere

( see Fig. 13), the relative electron density
distribution along a field line with feet (at
500 km above the earth) at geomagnetic latitude
45° (see Tables 1 and 2).

To illustrate, for a non-isothermal exosphere

( see Fig. 13), the relative electron density
distribution along a field line with feet (at
500 km above the earth) at geomagnetic latitude
55° ( gee Tables 1 and 2). The broken lines
indicate the distributions which would have been
obtained if the centrifugal force had been
neglected.
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Fig.

Fig.

144.

15a.

15b.

16a.

16b.

16c.

17.

To illustrate, for a non-isothermal exosphere
(see Fig. 13), the relative electron density
distribution along a field line with feet (at
509 km above the earth) at geomagnetic latitude
65° (see Tables 1 and 2). The broken lines
indicate the distributions which would have been
obtained if the centrifugal force had been
neglected.

The predicted ratio of the electron density in
winter to that at the same location and altitude
in summer for a number of different altitudes.
Composition 1 (see Table 1) is used at 500 km,
as was done previously. The assumed temperature
distribution is i1llustrated in Fig. 13.

The predicted ratio of the electron density 1n
winter to that at the same location and altitude

in summer for a number of different altitudes.
Compositions 1 and 2f (see Table 1) are used at

500 km, as was done previously. The assumed
temperature distribution is illustrated 1in Fig. 13.

Equatorial N(h) profile. Thﬁ electron density at

1000 km was assumed to be 10%4/cc (gee Tables 1 and 2).
The temperature distributions along a field line are
given by equation (66) and are illustrated schemati-
cally in Fig. 13.

N(n) profile at geomagnetic latitude 30°. The
electron density at 1000 km was assumed to be lou/cc
(see Tables 1 and 2). The temperature distributions
along a field line are given by equation (66) and
are 1llustrated schematically in Fig. 13.

N(h) profile at geomagnetic latitude 60° . The electron
density at 1000 km was assumed to be 10%/cc (see
Tables 1 and 2). The temperature distributions along
a field line are given by equation (66) and are
illustrated schematically in Fig. 13.

The average quiet day electron density at 1000 km
(based on the results of Thomas and Sader 1963).
The continuous lines are observed values and the
broken lines are extrapolations which are roughly
consistent with equatorial Alouette data.
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Fig. 18a. Theoretically predicted equatorial N(h) profiles
based on observed Alouette data for the electron
density at 1000 km for summer days. Curves for a
wide variety of isothermal exospheric temperatures
and compositions are illustrated (see Tables 1 and 2).

Fig. 18b. Theoretically predicted eguatorial N(h) profiles
based on observed Alouette data for the electron
density at 1000 km for summer nights. Curves for
a wide variety of isofhermal exospheric tempera-
tures and compositions are 1llustrated (see
Tables 1 and 2). Note the marked increase in the
rate of fall off of electron density with height
at great distances from the earth.

Fig. 18c. Theoretically predicted eguatorial N(h) profiles
based on observed Alouette data for the electron
density at 1000 km for winter days. Curves for a
wide varlety of isothermal exospheric temperatures

P IV R - TVt v ~
and compositions are illustrated (oee Tables 1 and

2).

Fig. 18d. Theoretically predicted equatorial N(h) profiles
based on observed Alouette data for the electron
density at 1000 km for winter nights. Curves for a
wide variety of isothermal exospheric temperatures
and compositions are i1llustrated (see Tables 1
and 2)

Fig. 18e. Summary of the results of Figs. 18a - d. The
curves shown are the predicted theoretical N(h)
distributions.

Fig. 19a. Theoretical N(h) profiles predicted by a number of
workers. The femperatures for curves a - e are
2000, 1000, 750, 1500, 1500 K respectively.
Composition 1 (Table 1) has been used for curves
c, d and e. Curves ¢ and d are based on Alouette
data for summer nights and curve = for Alouette
data for summer days. Note that the slopes of
curves ¢, d and e are substantially different from
the others near 1000 km. Also, the slopes of curves
¢ and d at great distances from the earth are
different from the others.

Fig. 19b. Examples of experimental observations of exospheric
electron density (equatorial profiles)
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Fig. 20. Comparison of experimental and theoretical

exospheric N(h) profiles in the equatorial plane.
The curves a - g are those described in Fig. 19a.
The diagonally shaded area defines approximately
the region within which the experimental profiles
of Fig. 19b are observed to lie. The vertical
shading near 1000 km indicates the approximate
region in which the Alouette observations for
1000 km lie.

Fig. 21. Comparison of theory and experiment. The theoretical
curve was computed assuming a constant exospheric
temperature of 1000°K and ionic Composition 1 (Table
1) at the base level. The electron density at
1000 km was taken to be that given by Alouette for
summer night conditions (Fig. 17).

Fig. 22. Observed and predicted ratios of the electron
density at 1000 km at conjugate points in the
winter and summer hemispheres. The middle line
giving the observed average qulet day ratlos is
based on summer and winter Alouette observations
at Stanford. The ratio 1s approximately 0.5 over
the latitude range considered. The theoretically
predicted ratios are in reasonably good agreement.
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NOTE:

The
and lons respectively,

NOMENC LATURE

suffixes e and 1 are used to denote electrons

and the suffix o is used to

denote values measured at the base level usually
tzken to be 500 kilometers above the earth.

electron density at 500 km relative to O+
density at that level

ion density at 500 km relative to O+ density
2% that level

altlituae

sczle helight of non-ionized ion, at 500 km
electron mass

ion mass

temperature-weighted ion mass average
electron density

electron density at the base level

-+

lon density; 1 and H+

rezspectively

= 1,2,3, for 01, He

ion dencity at the base level

ratio of electron densities at 500 km above the
earth a2t conjugate points in the two hemispheres

the distance measured along a line of force from
its foot (at 500 km) to the point (eo,e) on the
'ield line

the distance measured along a line of force from
its foot (at 500 km) to the point (eo,e'). It is
used as an upper limit of integration

the distance measured along a field line from the
geomagnetic equatorial plane to a point on the base
level at latitude eo
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electron or ion temperatures when they are assumed
the same in an isothermal exosphere

electron temperature

electron temperature at 500 km
ion temperature

ion temperature at 500 km

electron or lon temperature at 500 km, when they
are assumed equal

electron or ion temperatures, when they are
assumed equal

geomagnetic latitude of a point on a field line

geomagnetic latitude of a field line at 500 km
above the earth's surface

geomagnetic latitude of a point on a field line,
when this point is the upper limit of an integration

coordinates of a point on a magnetic field line in
terms of the latitude, 6, of the point and the
latitude 6 _, of the foot (at 500 km) of the particu-
lar field “line concerned

temperature modified geopotential height, corres-
ponding to the point (6 _,6'). For an isothermal
exosphere, 2 1s sometimés referred tfo as the
geopotential height
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L. INTRODUCTION

A great deal of experimental data on the distribution of
ions and electrons in the upper parts of the earth's ionosphere
are becoming increasingly available as the new techniques re-
quired to investigate the physical properties of the exosphere
at these heights are developed. An excellent brief report on
activities in this fileld has been given by Bordeau (1963) and
the main references to experimental work are quoted in that
paper.

In this report, an account is given of theoretical con-
siderations which govern the distribution of electrons and
ions above 500 km in this region of space. These distributions
are derived on the assumptions that the charged particles are
constralned to move only along the direction of the earth's
magnetic lines of force under the action of the earth's grav-
itational field and of the centrifugal force arising from the
rotation of the earth. The effect of the electric field, E,
which arises from the charge separation that occurs [Mange
(1960)] resulting from the tendency of electrons to rise with
respect to the heavier positive ions is also taken into account.
The modifications that result in the electron and ion distri-
butions when a temperature variation along a line of force is
assumed, such that there are relatively large temperature dif-
ferences between the northern and southern hemispheres in the
vicinity of the peak of the F region,are also considered.
Special attention is given to the distributions that result
when computed along a line of force, and the resulting differ-
ences in vertical profiles observed at different latitudes are
discussed. It 1s found useful and convenient to present the
predicted ratios of electron density at a given level in the
northern hemisphere to that obtained at the corresponding con-
Jjugate point in the southern hemisphere. The theory predicts
that, under certain circumstances, this ratio, when plotted
agalnst geomagnetic latitude, exhibits two maxima, one in very
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low latitudes and the other at high latitudes. The relative
magnitudes and positions of these maxima depend to a certain
extent on the precise assumptions that are made about the
relative densities of the constituents at the base of the

exosphere and on the assumed temperature distributions.

In Section III, the solutlon of the problem outlined in
Section II is presented. In Section IV, the results of the
theory to be expected on certain reasonable assumptions about
the physical propertilies of the exosphere are given. Also in
this section, the predictions of the theory are compared with
the results of a number of other workers who have considered
this problem from a theoretical point of view and the main
differences are outlined. In particular, reference is made
to the calculations of Johnson (1960), Bates and Patterson
(1961), Hanson (1962), Bauer (186, 1963), Rothwell (1962),
Gliddon (1963), and Hanson and Patterson (1963). Also in
Section IV, the results predicted by the theory presented in
the report are compared with actual experimental observations
which have been made in recent years. In particular, a
comparison 1is made with the results presented by workers who
have considered data obtained from the Alouette satellite
(see, for example, King (1963), Thomas and Sader (1963) and
references quoted therein). The main conclusions are described

and summarized in the last section.

II. THE PROBLEM AND THE ASSUMPTIONS

The electrons and ions in the earth's exosphere are acted
upon by a number of important forces. These include the gravi-
tational attraction toward the earth, the centrifugal force
due to the rotation of the earth about i1ts geographic axis,
and the force due to the electric field, E, resilting from
the tendency of electrons to rise with respect to the
heavier positive ions (Mange 1960). In this region of
space, the particles are in diffusive equilibrium and obey
Dalton's law of partial pressures so that each constituent has
a partial pressure corresponding to that which it would have if
it were the only constituent present. The distribution of
SEL-63-110 -2 -




electrons and ions which would arise under the circumstances

outlined immediately above will be modified if there 1s a gra-

dient of temperature along a line of force. The resulting

effects are discussed in detail below. The main assumptions

are as follows:

1. The upper atmosphere, above 500 km, consists of neutral

particles together with a neutral mixture of singly
charged positive ions and electrons only, and these are

in diffusive equllibrium. The positive ions are 0", He
and HT.

2. The partial pressure for each species 1is balanced by the
earth's gravitational and centrifugal forces and the
electric field arising from charge separation.

+

3. The charged particles are constrained to move only along
the lines of force so that the distributlons along dif-
ferent lines of force are quite independent of each oth-

or
er,

4, DNo electrons are produced by the action of the sun's
ionizing radiations above 500 km.

5. The rate at which electrons recombine is so small in
comparison with other effects that the loss of electrons
from this cause can be neglected in the calculations.

6. The axis of rotation of the earth coincides with the
magnetic dipole axis.

7. A difference of temperature can exist between the north-
ern and southern hemispheres. The ratio Tg/TyN of the
temperatures in the southern and northern hemispheres
respectively is not greater than 1.5, consistent with
satellite drag observations [King-Hele and Walker (1960)].

8. The relative densities of O+, Het
the reference level at 500 km.

and H+ are known at
The calculations described in the subsequent paragraphs

are aimed at deriving the resulting electron distributions a-

long a line of force.

-3 - SEL-63-110



ITI., THEORETICAL FORMULATION OF THE SOLUTION

A, FORCE ON UNIT MASS
) ——
The total force g acting on a unit mass at a point A,

represented by the coordinates (r, o), (8,5 ©) or (6,5 s)
(Fig. 1), is given by

Tr,0) = Ty(r,0) + T, (x,8)
2 (1)
- r - 2
= _ur go —9§ + uX Q0°r cos ©
r
S
AN
. \
fo Bl
% fs \ —| -
q A \ BNy~ -
r ~— /,
80
X [ 8 y =0
\ r
0]
\
\
~_
o

FIG. 1. GRAVITATIONAL AND CENTRIFUGAL FORCES (f and f ) ACTING ON UNIT MASS
LOCATED AT THE POINT A DEFINED BY ONE OF THESCOORDINATE PAIRS (r,0), (8_,0)
OR (eo,s).
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where *gé is the total force on a unit mass at the reference

level =r at the poles, Q 1is the angular velocity of rota-
= —

tion of the earth about the geographic axis, fg and f

the gravitational and centrifugal forces respectively,

o are
T
- r
and u, are unit vectors in the directions of r and x, re-
spectively, and the distance s 1s measured along a line of
force (Fig. 1). It is clear that the force on the unit mass
when 1t is over the poles acts toward the center of the earth,
and that at some particular points which may be determined on
E .
each side of the earth in the equatorial plane, the forces fg
~
and fc become equal and opposite. In fact, it is possible
to define a curve where the magnitudes of the two forces (but

not their directions, except on the equatorial plane) are e-

qual.
—— i
Figure 2 shows the locus of points for which fg and fc
B
are equal in magnitude (curves AB). The magnitudes of fg

~— e
and fc and the resultant force g(r,e) on a unit mass are
drawn to scale in Fig. 2 for different positions along a line
of force through 70 degrees geomagnetic latitude. If it is
assumed that charged particles can move only along the lines
of force of the earth's magnetic field, then it becomes impor-
tant to consider the way in which the resultant force -Eir,e)
obtained by considering only the resolved component of 'Eﬂr,e)
along the direction of the earth's lines of force varies in
space (Fig. 2). The loci of points at which -?Rr,e) is zero
are shown as the broken curves (CD) in Fig. 2. Referring to
Fig. 1 and Eq. (1), it is clear that the algebraic value of
this force f (written without the arrow) is given by

To 2
f(r,n) = go—;ﬁ' cos B - O°r cos 8 cos Y (2)
From Fig. 1, i1t is seen that

cos ® = sin o = tan « _ _2tan 6 _ _2 sin 6 (3a)

5 \/——2—— coshb S
Vittante Vithtancs Vi+lhtan©e
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cos v = sin(ao+8) = sin® cosao + sina cos 8

coso(sin® + tano cos 8)

Il

_ Sinéttanocos8 _ sind+2tanbcosé _ 3 sin 6 (3b)

V1t tanla 1 + 4 tan®e 1+ltan®e

where o 1s the magnetic dip at (r,8), given by
tan ¢« = 2 tan 8

Substituting the above values in (2), changing the variables
(r,8) to (eo,e) where 8  1is the geomagnetic latitude at the
reference level r_, and using (A1) of Appendix A:

3Q2r

r(e_,8) = _sin 8 (Egocosqeo l__ _ ° cos3e) (4)

o) 5 2
1+4tan26 cos”8 COS eo

Equation (4) gives the resultant force resolved along the di-
rection of the earth's magnetic field line, arising from the
combined action of the earth's centrifugal and gravitational
forces. It 1is clearly a function of the geomagnetic latitude
6, at which the line of force under consideration crosses the
reference level, and of the distance from the earth's surface
to the point under consideration as represented by the coordi-
nate 6, Fig. 1. As will be seen later, the precise way in
which this force varies from point to point in space is ex-

fremely important for the physics of the exosphere.

B. DERIVATION OF EQUILIBRIUM DISTRIBUTIONS

There 1s strong evidence both on theoretical grounds
[Nicolet (1961)] and on experimental grounds [e.g. Hanson
(1962)] for supposing that the main ionized constituents of
the upper atmosphere above the peak of the F2 layer are elec-

trons, together with oxygen, helium and hydrogen ions in the
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atomic state. 1In the analysis described below, it 1s assumed
that these are the only ilonlzed constituents and that no neg-
ative ions are present, so that the atmosphere consists of
+ +

, and H ,
and electrons in diffusive equilibrium. The ions will be re-

neutral particles and a neutral mixture of O+, He

ferred to by subscripts 1 and electrons by subscripts e.

It is assumed that the lines of force act as barricrs across
which charged particles cannot flow. It is instructive to con-
slder the variation of partlal pressure along a tube of force.
We can then write

I

dp -menef ds - neeEds

e

(5)

dp. = -m.n,f ds + n.eEds
i i1 1

where the field E (Fig. 3) arises from the small separation
between charges due to the fact that electrons are lighter
than the positive ions and, therefore, tend to move upwards
[Mange (1960)].

FIG. 3. TO ILLUSTRATE AN ELEMENT OF VOLUME TAKEN ALONG A LINE OF FORCE.
The partial pressures of the ions and electrons, P, and Pe and the
electric field E (Mange 1960) are also shown.

SEL-63-110 -8 -




In these equatilons, m, and m; are the mass of the
electron and of the ith ion, ng and n; are the electron
and ith ion densities, e 1s the electronic charge, and Pg
and by represent the partial pressures of the electrons and
the ith ions, respectively. It is assumed (Fig. 3) that the
pressure changes over a small volume contained within the tube
of force by an amount dp over the distance ds measured a-
long the line of force. The direction of the electric field
E 1is as shown in Fig. 3. It should be noted that the gradi-
ent of partial pressure changes direction according to whether
the point under consideration is inside or outside the lines
marked CD in Fig. 2. From Dalton's law for the partial pres-
sures of the constituents of a gas in diffusive equilibrium,
we know that each constituent, in this case each ion species,
and the electrons, has a partial pressure corresponding to that
which 1t would have 1if it were the only constituent present.

We may then write

Te and Ti refer to the electron and ion temperatures re-
spectively, and in the subsequent theory it is assumed that
these can be different. Since the atmosphere at every point

is taken To be electrically neutral, we may write

n, = €ny (7)
i
which leads to
p b
e 1
T = Eq (8)
e i ~i
so that
dp dp.
e i
T = X T. (9)
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From Eqs. (5) and (9) the electric field can be calculated:

m.rn n m.n n

€ € fds - eE % = fds + eE T TL ds
e e i i i 71

ek

I

ek

Il
}—b

Since m, = 1850 m, and Te/Ti = 1 the last expression can
be simplified to give

m
£ =50 (10)

where m,_ 1is the "temperature-weighted ion mass average"

+
Te
E T; nimy
m, = 2 = (11)
ngt 2 Tgnl
171
Using (10) in (5):
Ty
dp = -ne(m + §—) f ds
(12)
m
dpy= —ni(mi- Ei) £ ds

SEL-63-110 - 10 -




From (11), if T,/T; 2 1 then
? nimi ? nimi
2 Z  n. = m, = ~  n.
N i . i
i i
and thus we may write (12) as
m
- s
dp, = - n, 5 f ds
m, (13)
dpy = - ni(mi - 5—) f ds
From Eq. (6) we may ‘hen write
dp, = kd(neTe)
(14)
dp; = kd(niTi)
and
<
d(neTe) _ m, .
neTe 2kTe
m, > (15)
d(nyTy) (my - 57)
n, 1. -7 KT rds
iti i
p

Equations (15) have a number of important consequences, which
are discussed below. It should be noted that if a constant
temperature is assumed along a line of force for both the
electrons and ions, Equations (15) show that:

1. Since m is always greater than zero, the electron
density decreases with s and thus also with height.

2. If m. >m, /2, the ion density n, decreases with s
and thus with height. This condition 1s always satis-
fied by the heaviest constituent and also by a light
constiltuent if it, or a still lighter one 1is strongly
predominant (see Fig. 4, page 21).
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3. If m < m+/2, the ion density n. increases with s
and thus with height. This happefis with a light constit-
uent in the presence of a predominant heavier one.

L. If m = m,/2, the ion density of constituent 1 (can-
not bs the heaviest) passes through a maximum.

These equations are basic and contain the essential 1n-
formation about the distribution of both electron and the ion
densities with height. In order to solve them to obtain this
distribution, however, it 1is necessary to make a number of
changes of variable to simplify the mathematics. For conven-
jence, distances along a line of force will be measured from
a reference level at a distance r, (Fig. 1) from the center
of the earth. All quantities measured at this level will be
indicated by the subscript zero. Integrating Egs. (15) be-
tween the limits s = 0 and s = s', the electron and ion
densities at the distance s' from the reference level along
the line of force are given by

1 1 1 h
ne(sn) ge(s ) _ exp [—fs _2%_ de]
eo” eo 0 e
: (16)
m
ngen) 150 ‘[,s'(m.l - 55) cas |
nioTio P [ o kTi J

in which the ion and electron temperatures must be given as
functions of s,

In the above integrals it is convenient to separate the
effects of T and f, as follows:

1 .
5T MMy 8! ey by Teo W
J 5WT fds = STl T ds
0 e eo "o "e
, (17)
&o Ze
= BT J m,dzg
eo “o

P
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m, m,
1 - ——— 1 - —
js (mi 2 ) fds = JS (mi e )go[f “10 ds ]
o] kTi o] kTJ‘_o lgo Ti
b (17)
go Jzi( m+) (Con‘t'd)
= m. - =—)dz
io "o L 2 1 )

In these equations, =z_ and z, are the "temperature-
modified geopotential heights" for electrons and each ion

species respectively and are defined by

-
T
f €0
dz = =— == ds
€ &6 Te
L (18)
f io
dz, = — 7=/ d
1 8o Ti

y

from which we get, setting 2o = 24 = O at the reference lev-
el s = 0,
\
—at
L fs_s £ Teo ae
< s=0 &o Te{SJ
' b (19)
L J,s=s £ Tio “e
L7 Jso0 8o T1(5)
y

Thus, if Teo/Te(s) is to be different from Tio/Ti(s),
then, at a point s', the guantities Zq and zg have differ-
ent values.

Equations (16) can now be written in terms of the temper-

ature-modified geopotential heights Z and zy as:

n (s') =n €9 exp[ >0 [ em dz ]
= ' -
e eo Teis ) 2kTeo s + "e (20)
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io "o
z » (20)
T, Z 4 g A
io “i 0 (Cont'd)
Nio T (57) eXp[‘ i ] . eXp[sz J m+dzi]
1 10 O
J
where
KT.
10
H, = (20a)
+ Mi&q

is the scale height of the non-ionized atomic species 1i, at
the reference level,

In Eq. (20), ne(s') and ni(s') are given in terms of
+ lsiven by Eq. (11), and still unknown] with

respect to Zg and Zy To eliminate m

integrals in m
L @ relationship must
be established between z_, and z,. Equations (19) show that
this can be accomplished either by knowing Teo/Te and

Tio/‘I‘i as functions of s or by assuming

T T

ey = iy - o) (21

This means that the electrons and all the ions have the same
temperature variation with s, the distance along a line of
force. If Eq. (21) applies, then we may write (19) as

s=s!
Z, =2y =2 = [ £(s) t(s) ds (22)
" 8=0 '}

Thus, the electron and ion densities can be written in
terms of the same z as:

g Z
els1) = mot(et) exp| - g | mae ] (2

SEL-63-110 - 14 -




(23)
g z
ni(s') = niot(s') exp [- %;] exp[§E%;; fo m+dz]

Because of charge neutrality,

1

ne(s') = ? ny =:?2{rﬁot(s') exp[— %;]exp[ﬁigfg-Jz m+dz]](24)

The last exponential can be calculated from the first of
Egqs. (23):

gO ‘ Teo gO z
exp[——————[ m dz] = exp[———-—————— m,dz
2kTiouO + Tio 2kTeojo + 7]
C. C.
1 i
gO “ neo 1
where
Teo
0y - 12 (26)
io

Equation (24) becomes:
C.
i

” n
n(s') = ? n; t(s') exp( i [_;T%$7 t(s')]

or.

C
ne(s') 1 1+C,

- o 4 t( 1) * exp(- ——J(——TETT) (27)

eo eo 1

Normalizing the 1ion densities at the reference level to
the value for the heaviest 1lon (O+), we write

neo

n1o i
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where

N o= 1
My = Npo/Nag (28)
N3 = N3/,

so that M is the electron denslity divided by the oxygen ion
density at the reference level.

Equation (27) becomes
“dednesn) el 5 G Lt (29)
Evai i R e A )

In this equation, the three first factors in the summa-
tion are known, and the equation must be solved for (ne(s')/
ng)-

Suppose now that the ratios of ion temperature to elec-
tron temperature at the reference level are the same for all
ions, that is:

C. = =2 = ¢ 1 =1, 2,3 (30)

Then Eg. (29) becomes

1+C 1+C

) = t(s") %z [Wi exp(- ﬁ—)]

i i

ng(s1)

neo

(

from which we get, finally, the electron density

ne(s') - Teo 1 c ( E_) ] T%@ (31)
n =T {s") [ﬁ My expl - g

eo e i
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From the second of Egs. (23) and (25) we get the ion
densities:

C
ni(s') T, C+1 . Noq
fyo = (Te(sry) exp( - ﬁ;) H;(ETT (32)

The 1lon density may also be referred to the electron density
at the reference level by Egs. (28) so that '

C+1 C
n,(s') W, T n
=7 0y e ) [52y) (33)
neo n Te S Hi N, S
Or, using Eq. (31),
Eigilz = M1 eo exp( - &) [ k ] 1§c (34)
Neo 1 Tels! B0 FE 0 exp(- Z)

The distribution of electrons and ions in the exosphere are
given by the Egs. (31) and (33) in terms of the variable z ,
the temperature-modified geopotential height defined by Eq.
(22). These equations provide us with the information we re-
quire to give the distribution of electrons and ions along a
line of force, and hence, vertical profiles. It is shown in
Section V that these general solutions reduce to the equations
given by Bauer (1962) for the particular cases he considers.
The derived distribution Egs. (31), (33), and (34) are dis-
cussed in detail below.

C. FORM OF SOLUTION FOR EQUILIBRIUM ION AND ELECTRON DENSITIES

For the case in which the ion and electron temperatures are

equal at the reference level [and hence, elsewhere, by Eq. (21)],

we have C=1 and Eq. (31) becomes

n (s')

1
T 2
1
- Te(z?)[fﬁi[ni exp(- %T)] ] (35)

eo 1
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If the electron temperature is, say, twlce the ion temperature,
C=2 and

W+

n (S') Teo 1 Z
ik o il kN AT I |

1

It is clear that 1f such a difference between ion and electron
temperatures occurs, then the electron densities may be changed
by a factor of 10 at very high altitudes.
If the temperature along a line of force is constant so
1 }—
that Teo/Te(s )=1, then

1
e s oy et 0] 1 (36)

From Eq. (34) we have the ratio of densities of two ions:

n. N,
i 1 z Z
Lo Lexp( - 2
nj ﬂj Hj Hi
ﬂi Hi - H.
= T]-— eXp(Z —-—_H.H. " ) (37)
J 1]

The 1lon densities will be equal at a value of 2z =z

iJ
defined by
H.H. M-
Z,. = m=—d— 1n =< (38)
1] Hi - Hj ﬂi

Since the subscripts 1, 2, and 3 refer, respectively, to

of, He', ana H', the scale heights are

Hy = 4 H

(39)

H 16 H

1

w
Il
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Hence, the values of =z at which n,=ny, n1:n3, and

ny=n; are, respectively, from equations (38):

+ + 4 . 3
212(0-—-—He ) = - §-Hllnﬂ2, >0 1if M, <1

+ + 16 . |
213(0-—>—H ) = - 5 Hllnn3, > 0 if n3 <1 b (40)
2z (Betwnt) - -0 4 1n T 0 if M., < 1
23 Sl Sl P 3° "2 )

Thus, two ions will have the same density at some height
above the reference level if, at the reference level, the
heavier one is more abundant. Also, from Eq. (37), at =z
larger than 2349 the ion 1 will have higher density than
the ion j if it is lighter. Due to this fact, the Zij’
defined by Egs. (40) are called transition values of z,
and these are indicated in the same equations.

It is interesting to consider the conditions for which
the transition Heta—H+ happens above the transition Ot-He+.
From Eqs. (40) this condition 1is

0.8

Ny > 13 (41)

The distribution of electron density as a function of
z (31) may thus be written [using (39)]

1
ne(s') Teo exp(-x )+ﬂ2exp(-x /4)+ﬂ3exp(-x /16)1115 4o)
Neo  Te(8') n (42
where
X = g (43)
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If the reference level 1s low enough so that the O+

is strongly predominant there, then

(44)

For low values of x the exponentials in (42) are close
to unity, and we have

n (st) T
eneo = Te((a(;IT exp(- ‘1%0’) (45)

Thus, apart from the factor T O/Te(s'), the electron
density varies exponentially 1R z, Wwith scale height
(1+C)Hl.

For large values of x the two first exponentials 1in
(43) vecome much smaller than the third, so that they
can be disregarded and

n (st) 1+C

1
T Ll
~ 3
ieo - Telej/\_ﬁ> exp(— 16X< 1+C;) (46)

Apart from the factor T _ /T (s'), the electron density
presents, as a function &% %, an exponential behavior,
with scale height (1+C) H3’ and an asymptotic value

1/(1+C)

"3

m

for 2z=0.

For the case (=1, the electron and ion distributions

calculated as a function of z  from (31) and (33) respec-
tively are shown in Fig. 4, for T=1000°K, M,=0.02 and

M3

=0.0016 [Bauer (1963)]. The dependence of n, and ny

1

on altitude is implicit in these curves of Fig. 4 through the
dependence on z  (see Fig. 5, p. 25). A discussion of the
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T =1000°K ; H;=61.6 km

3500 - 7 =102

N2=2x1072
3000 - 73=0-16x10-2
2500 - 2H3

RELATIVE DENSITIES

FIG. 4. DISTRIBUTION OF ELECTRON AND ION DENSITIES WITH THE
TEMPERATURE-MODIFIED GEOPOTENTIAL HEIGHT, z, FOR THE CASE
C = 1 AND CONSTANT TEMPERATURE T = 1000 °K.
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resulting electron and lon density distributions as a functilon
of height is deferred to Section IV. The curves of Fig. 4,
however, are quite fundamental to an understanding of the pro-
cesses involved in the theory of the exosphere and the curve
for n, as a function of =z is the same as that given by
Bauer (1963). The quantity =z is, however, in the present
work given a different meaning from that used by Bauer, since
it contains a dependence on temperature and centrifugal force.
The resulting differences predicted by the theory presented
here compared with the results gilven by Bauer (1963) and others
are discussed in Section V.

Using Eq. (33) it is seen that, for C=1,

2
GO\ R
l’160 neo ﬂ Te s Hl
2
n, T

L €0
SY

Z
S\ T (5T exp (- Eﬁz)

Hence, the geometrical mean of (ni/heo) and (ne/neo) is the
guantity 1in parentheses. PFor an isothermal exosphere, this
quantity happens to have a linear varlatilon with 2z , when
plotted on semi-log paper, with "scale height" 2H, and pass-
es through the pointtJ7E7Er at z =0.

This important property was used to obtaln the ion den-
sities from the electron density, in Fig. 4. More details are
given in Appendix B.

The main source of difficulty in obtaining the solutions
of (31) and (34) is to be found in the derivation of the
quantity =z . This is discussed in the next sectlon.
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D. CALCULATION OF TEMPERATURE-MODIFIED GEOPOTENTIAL HEIGHT z

It will be recalled that the quantity =z is defined by

_s'f(eo,s) Teo i (47)
T (s)

z (8 ,8') = j

O gO

In order to evaluate =z it 1s necessary to transform the
variable of integration in the above equation from s to 6
where 8 1s the geomagnetic latitude of the point concerned
on the 1line of force. In Appendix A it is shown that the
element of distance ds along the line of force may be writ-
ten in terms of the subtended angular increment d6 Dby the
relationship

an
-4

ds = ——95—— cos © Vi+3 sin° 6 4o (48)

cos™ 8
0

Substituting for ds from (48) and for f from (4) in the

above expression for 2z and using (A4), Appendix A, we have

01! T r
z = —J iigl 0 ?g) g cos © 1+3sin28 dase
6 go e COSs eo

2 2
6 T cos~ 8 Q°r 4
‘et Te cos~#® 8o cos %

(49)

where cosB 1s given by (3a) and cosy by (3b) (Fig. 1)
Thus

2 4
o J,eo \/zzgg;;_g'[2cos o, 30°r_cos e]sinede
o' Yo T (e) 1+4tan® e cos™e gocosueo

2cos e 30 r, cos5e

Je‘ ——(—T 51nel c0539 - T ] dae (50)

8,C08 8
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since
14+351in° 0
—E-]-‘Q-é—zC:OSG
1+4tan~8

This expression for =z , the temperature-modified geopoten-
tial Theight, 1f substituted in Egs. (31) and (34) will give
the density distribution of electrons and ilons along a line
of force for any given temperature distribution along a line
of force. In general, the equation will have to be computed
numerically on a digital computer. It is interesting to note,
however, that in the case of a constant temperature along a
line of force so that Te(e) = T,, Wwe have

2 ’eo sin® 3r2002 o] 5
z (8 _,8') = 2r cos GOJ ==—=— 48 - j sindcos~6de
1 t
B' cos~8 8,08 eo 8
0 2_ 2 S
2 1 o 30 To cos66 °
= 2rocos 8 [————5—] + T 5
1 1
2cos ©°6 g,C08 % e
2 2
cos™® O r 6!
=r, [1— 5 O] + = 9 [00529 - gos 6 ] (51)
cos 6! &o

8
cos O

so that in the simple case of an isothermal atmosphere =z
has an analytical solution.

The resultant variation of =z with altitude 1is shown
in Fig. 5 for different latitudes. If the centrifugal force
is disregarded, =z is a function of altltude only and 1is
independent of latitude (curve at right). It approaches a
limiting value (equal to the distance from the reference level
to the center of the earth) as the altitude goes to infinity.
Inclusion of the centrifugal force implies a decrease in 1z ,
especially at high altitudes and low latitudes. The quantity
z then has a maximum value at approximately 6 earth radiil
for low latitudes and approximately 8 earth radil for higher
latitudes.

SEL-63-110 - 24 -




EARTH RADII FROM CENTER

O
O

T ALL LATITUDES (fp=0) =
10 |- 50° -
0° -

N W HOOD
LLIIIIN
O
H
m

o
1
ALTITUDE , h, k

N

410°

| L1 11111l

102 103 104
GEOPOTENTIAL HEIGHT, Z, km

l L1 LilLl

FIG. 5. VARIATION OF TEMPERATURE-MODIFIED GEOPOTENTIAL HEIGHT,

z, WITH ALTITUDE, h, FOR AN ISOTHERMAL EXOSPHERE.
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It should be noted, of course, that in Egs. (31) and (34)
it is possible for the temperature along different lines of
force to be different and to be distributed along each line
of force in a different way. As stated above, the Egs. (31)
and (34) in conjunction with the general relationship (50) may
be used to compute the profile of electron density along a line
of force. If, however, we requlre only the ratio of electron
densities in the northern and southern hemispheres at the base
level (see section E below), then it is useful to consider the
form of Eq. (51) when o' is small so that the point (6_,6')
lies near the equatorial plane. For 8'Z0 the value =z of

m
z  from (51) becomes

2
Q7 r
1 = = 2 2 2 1
z (90,9 ) = Zm(eo) = T [[1—c05 eo] ¥ 2%0[COS "o~ cos 6OJ]
(52)

E. CALCULATION OF RATIO OF ELECTRON DENSITIES AT CONJUGATE

POINTS

Attention will be given now to a rather interesting con-
sequence of the theory presented, namely the ratio Reo that
must exist between the electron densities at the reference
level at two magnetically conjugate points to satisfy conti-
nulty at the top of the field line.

It will be assumed that the ilons and electrons have the
same temperature, and hence C=1 1in Eq. (30).

1. Temperature Constant in Each Hemisphere

As a first approximation, suppose that the average
temperature in the southern (Summer) hemisphere, Tg, 1s
greater than the average temperature in the northern (Winter)
hemisphere, Ty, (Fig. 6) so that

5 = KT (53)
with K a constant greater than 1.
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SUN

FIG. 6. PARAMETERS USED TO CALCULATE R,, AT THE REFERENCE LEVEL AT
TWO MAGNETICALLY CONJUGATE POINTS WHEN THE TEMPERATURE IN THE NORTHERN
AND SOUTHERN HEMISPHERES ARE DIFFERENT BUT CONSTANT IN EACH HEMISPHERE.

Given the electron density Ngo (and ion densities,
through ﬂg and ﬂ3) at a reference point on a field line, it
is possible to calculate the electron density at any other
point (defined by eo,e') on the same field line, using Egs.
(36) and (51).

Let A be the ratio ne(s')/neo given by Eq. (36);
it is clearly a function of temperature, through the values
of Hi and MN.. Thus, for the northern and southern hemi-

i
spheres respectively,

1
n —
eN 1 2
=A. = |5= ¢ N,y exp(-2,,/H:\)
N, oN N [ﬂN 1 iN M/ iN ]
(54)
n %
eS 1
=Ag = | % M. exp(-2,/H. )
Neos S [ﬂs 5 is M7*1S ]

where z is the value of = for ©'Z 0 and is given by

(52).
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As the electron pressure must be the same in points
1 and 2 of Fig. 6:

NenKly = Py = Pg = Mgty (55)

From (53), (54) and (55),
n

()

eoS eo

eoN

Cl>':1>
=Z |t

(56)

eo  n

This expression permits the calculation of the elec-
tron density at the reference level in the northern hemisphere
if the electron density at the same level, at the conjugate
point, 1s known. It is useful to make the following approxi-
mations.

From Fig. 4 it is seen that for 2z greater than a-
bout 2000 km (corresponding to zy at 8, > 35°), Eq. (46)
holds so that with the present assumptions, using Eq. (20a),

AN and AS are given by

Ay QLJ?§§75§-exp(-zM/2H3N)

Ag w\/ﬂss/ﬁs exp(—zM/2H3S) p (57)

=\/“35/ﬂs exp(—zM/QKH3N)

Thus, at latitudes greater than about 350, Eq. (56) has the
approximate form

_ Peonl®) Ky [ 25N exp(- il + 1)
eo T m_ (8 ) NS 2H, K © 2H

/ﬂ Ll z
= K S N exp(——M— ﬁ;l) (58)
ﬂ3NﬂS 2H3N K
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The corresponding equation given by Rothwell (1962)
may be derived as a particular case of the more general ex-
pression (58) in which the dependence of m, g and T on
altitude may be properly allowed for,.

2. Temperature Changing Along a Line of Force

In the preceding section, 1t was assumed as a conven-

ient approximation that there was a discontinuity of tempera-
ture between two points just north and south of the equatorial

plane (Fig. 6). For a complete treatment it is better to pro-

ceed as follows.

FIG. 7. PARAMETERS USED TO CALCULATE Reo, AT THE REFERENCE LEVEL AT TWO
MAGNETICALLY CONJUGATE POINTS WHEN THE TEMPERATURE IS TAKEN AS A CON-
TINUOUS FUNCTION Ty(s) IN THE NORTHERN HEMISPHERE, AND Tg(s) IN THE
SOUTHERN HEMISPHERE. At points 1 and 2, the temperatures are the same.

Figure 7 indicates the temperature as a function of

distance along a line of force. The temperature must change
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along the field line since 1t is supposed that, at the refer-
ence level, it has different values in the northern and south-
ern hemispheres

Tos = Koy (59)

with K a constant greater than 1.

The distance s 1s clearly a function of 90 and
0, and we call SM(eO) the value of s corresponding to
& = 0 (details are given in Appendix A).

The functions TN(S) and TS(S) are such that the
temperature is a continuous function of s, including the

point s that is:

MJ

M) (60)

The assumed form for TN(S) and Ts(s) is discussed
in Section IV.

As the temperature is now a function of s, Eq. (50)
must be used to calculate 2z , and different values will re-
sult for points 3 and 4, Fig. 7:

200326 3Q2r 5 1
2 (8,58") = f ——T_T sin e[ _ o cos e]de
6! coSs e go cos 6
> (61)
o T 200829 302r 5
zg(8,,8") roj T—%ET'Sin ef 5 o _ o cos 8 ]de
gt tg\® T cosTo go cos e )

These equations, together with Eq. (35), give the

electron density distributions in the northern and southern
hemispheres,

v =

neN(S') T Z N
MeoN N(S ) [ﬂN Y exp(- EZE) ] (62)
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(62)

1
neS(S') 3 Tos 1 Z 'S 2
ngog  Tgls') [T‘ R EE exp(- 15) |

For s'= Sy the electron densities are the same 1n
the northern and southern hemispheres (points 1 and 2, Fig. 7),
and so are the temperatures. Thus, the last equations, togeth-

er with (60) give

v =

Ty T s emp(-ayg/tg) ]
- K[ﬂg i ‘ﬂii exp(- zﬁi/ﬁli7l ] (63)

where z,, and Zyq are given by the corresponding Egs. (61)

with ©6' = 0. For sufficlently large values of Zus and
Zyys Such that Eq. (46) nolds, Eq. (63) may be written as
l
n ﬂ /K
R K[nN '35 ex p[—Mﬁ—Jﬁi——} (64)
€o S 3N 3N

in which use has been made of Eq. (20a) and (59).
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IvVv. RESULTS OF THE THEORY

A. INTRODUCTION

In this sectlon, relative electron and ion density
distributions calculated on the basls of the theory outlined
in the previous sections are presented. The results are
given as distributions calculated as functlons of the tempera-
ture modified geopotential height z, as functions of the
distance s measured along a line of force and also as functions
of the altitude, h. These distributions are referred to as
N(z), N(s) and N(h) curves respectively. The computations
are based on a number of different assumptions about the
exospheric temperature and about the ionic composition of the
atmosphere at 500 kilometers. In particular, the distributions
are derived

A) when a constant temperature is assumed along a line

of force

B) when the temperature is assumed to vary with distance,
8, along a line of force.

In addition, two sets of assumptions are made about the
composition at the base level usually taken to be 500 kllometers
above the earth's surface. These are

1. that the composition at 500 kilometers is independent
of the temperature at that level, and

2. that the composition at 500 kilometers 1s a strong
function of the temperature at that level.

The N(h) calculations referred to above were carried out
both when a proper allowance was made for the effect of the
centrifugal force arising from the earth's rotation and also

when this force was neglected. Subsequently, use 1s made of
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observational data from the Alouette satellite (Thomas and
Sader 1963) to convert the relative electron density profiles
into absolute profiles based on the electron density observed
at approximately 1000 kilometers. This leads to a set of
theoretical profiles calculated using reasonable experimentally
observed magnitudes for ion composition (Bauer 1963), tempera-
ture (Harris and Preister 1962), and electron density at 1000
km (Alouette observations). These theoretical profiles are
then compared with a number of whistler and other observations
of electron density in the earth's exosphere. Tables 1 and 2, pg.
61,62,give a svmmary of the way in which the calculations

were developed and in which the results are presented. Further

details are noted in the ensuing sections.
B. THE ELECTRON AND ION DISTRIBUTIONS

The electron and ion distributions presented below were
calculated using a digital computer program. The N(z) curves
were computed from equation (35) using the assumption that
the temperature was constant, the N(s) curves were computed
from equations (35), (51) and (A4), the N(h) profiles
being subseguently computed from the N(s) profiles using
electron density observations at 1000 kilometers as measured
Ly the Alouette satellite.

The calculations in which the temperature 1s assumed
constant along the line of force of the earth's magnetic
field are denoted by the letter A (Table 1, pg.6l). For each
value of the temperature assumed, it is necessary to specify
the composition at the base level at 500 kilometers. This
was taken from the data presented by Bauer (1963) for the
helium and hydrogen ion densities relative to the oxygen
ion density as a function of the temperature. The relevant

equations are
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,(T,) = 0.2 x 10 ~T /1000

(65)
0.16 x 10 ~To/500

il

In this equation, TO is the temperature assumed at the
reference level. The variation of ﬂg and ﬂs with temperature
as given by equations (65) is shown in Fig. 8.

The exospheric temperature enters the calculations in
two ways. Firstly, via the temperature modified geopotential
height z, and secondly, via 1ts effect on the composition
assivmed at the base level through equations (65). It is,
however, interesting to carry out computations in which
the composition at 500 kilometers 1is held constant neverthe-
less allowing the temperature to vary. In this case the
values for M, and ﬂ3 were taken from eqguations (65) using
T, = 1000°K and these results are referred to as "Composition
1," Table 1.

The calculations in which equations (65) were applied
to give the relative densities at 500 kilometers are referred

to as "Compositions 2a,b,c,"

etc. depending on the value of
the temperature at 500 kilometers (see Table 1). In other
words, in "Compositions 2," once the temperature at the

base level 1s specified, the relative ion densities are
avtomatically specified at that level by equations (65).
Some calculations are also performed using the assumption
that the temperature is changing along the field line.

These results are denoted by the letter B (Table 1) and will

be described later.

Details relating to the curves shown in Figs. 9 - 18
are summarized in Tables 1 and 2 which precede the figures

(pg. 61).
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In Figures 9a - e (see Tables 1 and 2), electron and
ion densities are plotted as functions of the temperature-
modified geopotential height 2z for different values of
the (constant) temperature (assumed independent of s) and
for different compositions. The distributions shown in
Figs. 9a - e, do not show marked "kinks" or cusps and the
ion transition levels do not show up clearly in the electron
density curves. These curves are discussed in greater

detail in Appendix B.

The electron densities of Figs. 9a - e are summarized
in Fig. 10, where the relative effects of temperature and
composition changes can be seen. At low values of z, where
O+ is predominant for all curves, the slopes are proportional
to temperature. As we go to higher values of z the effect of
the ion composition at the base becomes relatively more
important and the slopes are no longer simply proportional
to temperature. For instance, at z = 3000 km, the slope
of curve e (2000°K) 1s less than the slope of curve b
(1000°K). This is so because, although for curve b at
z = 3000 km, the H* is strongly predominant (Fig. 9b); this

is not the case for curve e (Fig. Q9e).

It is seen from the curves of Figs. 9a - e that the
ion transition levels (the levels at which n(07) = n(He™),
etc.), change with temperature. The variation of the ion
transition levels with temperature is shown in Fig. 11 for
two different assumptions about the composition at the base
level, namely, that the composition 1s independent of
temperature (continuous lines) and that the composition is
temperature-dependent as indicated by equations (65)
(broken lines). An important conclusion which can be drawn
from an examination of Figs. 9a - e, and 11 is that the
transition levels approach nearer the earth at night. These

curves agree with those given by Bauer (1963).
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The N(z) curves may be transformed using equation (51)
into curves giving N as a function of 6 and eo where 6 1is
the angle between the equatorial plane and a point at a
distance s measured along a fileld line. The fleld line is
assumed to intersect the base level (500 km above the earth)
at a point making an angle eo wilith the equatorial plane
(Fig. 1). The use of equation (A4) (Appendix A) converts
the N(e,eo) curves to distributions of electron density
along a 1line of force (N(s,@o) curves). Curves of this
kind are given in Figs. 12a,b,c, for 6 = 45°, 55° gnd 65°
respectively. In each diagram the results corresponding to
the case in which proper allowance has been made for centri-
fugal force are shown as continuous lines. The corresponding
results for the cases in which the centrifugal force was
neglected are shown by broken lines. As expected,
the effect of the centrifugal force 1is largest at the higher
latitudes, and tends to increase the electron density at
the high levels. The increase 1s never greater than about
20% over the range of heights considered. It is found also
that along the field line at 45° the centrifugal force has
no appreciable effect (Fig. 12a). The effects of changes in
temperature and composition are seen very clearly in Fig. 1l2a

in which the distance scale 1s expanded.

Similar calculations (denoted by the letter B, Tables
1 and 2) were carried out in which the temperature varied
along a line of force. The temperature distribution
assumed along a line of force in the cases labelled B is
given by the formula

T(s) =T, + (Tp - T,) L E - :Pf}%) (66)

where TO is the temperature at the reference level (500

kilometers), T,, is the temperature at the top of the field

T
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line, D is a variable distance along the line of force
(taken to be lOu M
defined along the line of force as indicated in Fig. 7,

page 29.

km), and the distances s and s,, are

In order to be able to calculate the ratios of electron
densities at magnetically conjugate points when a difference
of temperature exists between hemispheres, it is convenient
to apply equation (66) separately for the two hemispheres.
Thus for the northern (winter) hemisphere, TO and TT were
taken to be 1000°K and 1800°K respectively and the resulting
temperature distribution along the line of force as given
by (66) for the northern hemisphere is denoted by Tl(s).

For the southern (summer) hemisphere T, = 1400°K and
Ty = 1800°K and equation (066) is again used to gilve Tg(s).
The distributions T1<S) and Tg(s) are sketched in Fig. 13.

Electron densities along lines cof force were calculated
for a variable temperature along the 1line of force using
equations (35), (50), and (A4). The results are shown in
Figs. l4a - 4, for 8, = 35°, 45°, 55°, and 65°, respectively.
The general behaviour of the curves in Figs. 14 is similar
to that of the curves in Figs. 12. For instance, an increase
in temperature, keeping the base level composition constant,
increases the electron densities in both cases, and a
contrary effect is produced if the composition is supposed
to vary as given by equations (65). Also, the effect of

neglecting the centrifugal force 1s negligible below eo = 45°,

It is important to note that the calculated electron
distributions depend strongly on the assumed base temperature
but do not depend appreciably on the small temperature
changes assumed along a line of force, and, that to a first
order, vertical profiles and distributlons along the line
of force computed assuming a constant temperature are

adequate.
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The ratios R (subsequently referred to as R) of the
electron densities at conjugate points in the two hemispheres
predicted by the theory were calculated for a series of heights
(Fig. 15ab). The temperature distribution along a line of
force was assumed to be as shown in Fig. 13, the temperature
Tol corresponding to that at the base level in the northern
(winter) hemisphere. If it 1s supposed that the compositions
at the rtase level are the same in winter and summer, the
ratio, R = N{winter)/N(sivmmer) is slightly greater than unity
and tends to increase with increasing latitude (Fig.l15a). If,
instead, the ionic composition at 500 km 1s assumed to depend
on the temperature as given by Bauer (1963) (Fig. 8 and
Equation (65)) then the curves of Fig. 15b are obtained and
the ratio R is still about unity except for the 1000 km
level for which 1t decreases from 1 at the equator to

approximately 0.5 at high latitudes.

Fig. l1ldoa,b,c shows N(h) profiles computed assuming
base composition 1 for the two assumed temperature models
(see Fig. 13 and Eguation (56)). It was assumed that the
electron density at 1000 km was 10u/cc. Fig. 16a corresponds
to an equatorial profile (2 = 0°), and Figs. 16b, c
correspond to 6 = 30° and 60° respectively. The differences
in the profiles shown in Figs. 1l6a,b,c arise only because

of the effect of the centrifugal force.

In order to convert the relative electron density
distributions to absolute values, electron density data for
1000 km obtained from the Alouette satellite were used
(Thomas and Sader 1963). Fig. 17, based on the results of
Thomas and Sader (1963) shows the mean variation of the
electron density at 1000 km for a series of magnetically
quiet days and nights in summer and winter as a function
of dip latitude. The broken lines are extrapolated values.

N(h) profiles were computed for a variety of conditions
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using the data of Fig. 17 at 1000 km. These profiles are
shown in Figs. 18a - d. If the assumptions about temperature
and base compositions indicated are correct, then the theory
outlined in this report predicts that the electron profiles
in summer (day and night) and winter (day and night) are as
shown in Figs. 18a - 4, respectively.

The differences between the curves shown in Fig. 18a - 4
arise firstly because of the different assumptions about
temperature and composition, and secondly because of changes
in the electron density at 1000 km from summer to winter
and from day to night used in converting from relative
distributions to absolute distributions. In particular,
the rapid fall off of electron density with height in the
stmmer night curves 1s mainly attributable to the rapid
decrease 1n the electron density at 1000 km with dip
latitude over the range 50° - 65°. Typical diurnal and
seasonal changes depicted in these curves are illustrated
for a given temperature and base composition in Fig. 18e
which shows also the value of the latitude eo corresponding
to the foot of the field line (at 1000 km above the earth)
which extends to a given distance from the center of the

earth in the equatorial plane.

A number of theoretical N(h) distributions have been
predicted for the exospheric plasma and these are discussed
in Section IV.C. Some typical examples are reproduced in
Fig. 19a (Bates and Patterson 1961; Dungey 1954; Johnson 1960)
and these may be compared with the curves predicted by the

theory presented in this report.

No detailed comparison of the predicted N(h) profiles
with experimentally observed data for any given day is
possible at the present time. However, a number of whistler
mean exospheric electron density profiles have been published

covering a wide range of observational conditions. A number
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of these are reproduced in Fig. 19b and are labelled a to h
in that diagram (Storey 1953; Allcock 1959; Carpenter and
Angerami (quoted by Carpenter 1963); Smith 1960, 1961;

Pope 1961, 1962; Schmelovsky 1960; Schoute-Vanneck and

Muir 1963). It should be noted that the observation of
Storey (1953), quoted above, refers to a single point

only. The incoherent scatter observations of Bowles (1962)
lie within the arrow indicated in Fig. 19b.

In Fig. 20 the experimental data of Fig. 19b are
superposed on the theoretical curves of Fig. 19a. The
experimental curves of Fig. 19b cover a wide variety of
observed conditions and include results for different times
of day, different seascns and different solar epochs. 1In
general, however, all these results lie within the approxi-
mate region indicated by the diagonally shaded area in
Fig. 20. The values of electron density measured by
Alouette lle within the approximate zone indicated by the
vertically shaded area.

It 1s clear from Flg. 20 that when the values of
electron density given by the Alouvette data for summer
nights are used, the theory outlined in thils report gives
reasonably good agreement with the observations (curves c¢ and
d) whereas the curves a, f, e, b, g indicate too small a
decrease of electron density with height. Furthermore the
present theory provides a better agreement with the observed
slope of the N(h) profile near the level of the Alouette
orbit. It should be noted that the curve labelled e represents
a probable extreme value indicated by the present work since
it corresponds to summer daytime conditions when the assump-
tion that there is no production of ionization near the base
level is most likely to be invalid.
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Until further information is available concerning the
exospheric temperature and composition, 1t 1s probably
unfruitful to consider detalled comparison of theory with
experiment. However, the number of reasonable choices is not
unlimited and for example (Fig. 21), the N(h) curve of
Smith (1960, 1961) is well matched by the present theory if
the temperature is assumed to be 1000°K and the starting
electron density at 1000 km is assumed to be roughly that
corresponding to the curve labelled "summer night" in
Fig. 17. Thus, qulte good agreement can be obtained with
values which might be reasonally expected to apply at the
time when the whistler observations were made.

The general agreement between theory and experiment is
illvstrated in another way in Fig. 22 which shows the theoret-
ically predicted values of the ratio R as a function of
geomagnetic latitude, together with observations of R at
1000 km measured by the Alouette satellite. The shaded
area corresponds to values within which all the observed
values of the ratio R 1lle and thus allows for changes from
night to night, etc. The circled polnts give the values
for magnetically quiet days.
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V. COMPARISON WITH OTHER WORK AND SUMMARY OF RESULTS

A. DISCUSSION

The basic concepts which govern the distributions of
ions and electrons in the exosphere have been discussed
in a number of 1important papers in the scientific literature.
It is generally agreed that the main constituent of the
atmosphere at great heights above the earth (above approxi-
mately 1500 kilometers) is hydrogen. Hydrogen ions are
formed by the reaction

ot +uH=2H +0

as was first pointed out by Dungey. The relative equilibrium
concentrations in the exosphere are determined largely by
the 1mportance of this reactlon near the base of the neutral
particle exosphere where the cross-sectlon for collisions
between ions and nevtral particles 1is relatively high. The
base of the exosphere at approximately 550 kilometers is
believed to be the most probable level of origin for protons
entering the exosphere from below after formation 1n the
charge exchange reaction referpred to above (Johnson 1960).
Thus, the relative abundances of O+ and H+ (and also of the
He™ ions) at the base of the exosphere controls the electron
and ion distributions throughout the exosphere. The charge
exchange reaction referred to above proceeds very rapidly
near the peak of the F2 layer and the proton number density
is given by the chemical equilibrium expression (Hanson and
Ortenburger 1961)

where the square brackets denote the concentrations of the
constituents bracketed.

SEL-63-110 - 4o -




It has also been shown by Hanson and Ortenburger (1961)
that the oxygen ions near the F2 peak are only weakly coupled
with the protons in the protonosphere and it seems likely
that the time constant for the establishment of equilibrium
between the two hemispheres near the F region peak 1s greater
than one day. The results of Hanson and Patterson (1963)
and of Hanson, et al (1963) provide an estimate of the proton
fluxes likely to be involved as the result of the diurnal
variation of the abundance of the atomic hydrogen in the
exosphere. They considered the flow of hydrogen into and out
of the protonosphere by the charge exchange process referred
to above, the escape of hydrogen from the daytime exosphere
associated with higher daytime temperatures and also the
lateral flow of hydrogen around the earth due to any asymmetry
in the distribution of hydrogen around the earth.

It is clear from this work and from other considerations
that some modifications to a simple equilibrium theory are
probably required to describe completely the physics of the
exosphere in terms of diurnal and other changes. However,
before a non-equilibrium theory 1s properly applied, it 1is
valuable to explore the extent to which an equilibrium theory
is adequate to explain the observational data and this has
been the purpose of the work reported herein. In particular,
it seems likely that an equilibrium theory might be applicable
for explaining seasonal variations which are likely to occur
in a given hemisphere as well as other changes involving time

constants greater than one day.

The structure of the lower exosphere has been discussed
in some detail by Hanson (1962), Bauer (1962, 1963) and by
Gliddon (1962) who considered the distributions of the o,
He+, and H+ ions together with the electrons under diffusive
equilibrium. The corresponding distributions at much greater
altitudes have been discussed by Dungey (1954), Johnson (1960)

and by Bates and Patterson (1961).
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The main differences between the work presented in this
report and the earlier work referred to above relate to the

followlng points:

1. Under the circumstances where diffusive equilibrium
applies, it is well known that whereas in a non-lonized
atmosphere each constituent 1is distributed independently
of the other constituents, the distribution of a light
ionic constituent in diffusive equllibrium 1is dependent
upon the presence of the others because of the electric
field, E, which arises from the slight charge separation
between electrons and positive ions (Dungey 1954, Mange 1960,
Hanson and Ortenburger 1961). In the present work, it has
been assumed that the electrons and ions can diffuse only
along the geomagnetic field lines and, therefore, the
direction of the electric field, E, has been assumed to be

along the particular field line concerned.

2. It is shown that it is convenlient to work in terms
of a parameter, z, called the temperature-modified geopotential
height. The equations have been developed to allow for
the possibility that the electron and ion temperatures may
be different and that a temperature gradlent may exist along

a line of force.

3. As was first pointed out by Bates and Patterson
(1961), up to the present time, the theories of electron
and ion distributions in the earth's exosphere have not
taken into account conditions in the upper part of the
earth's ionosphere which may be strongly dependent on
latitude. Such a latitude dependence would influence the
electron density distribution in the equatorial plane since
fhe diffusion of charged particles in the earth's exosphere
is appreciable only along geomagnetic field lines. Since
our N(h) profiles have been deduced from the theoretically
computed N(s) distributions (i. e., the calculated equili-
brium distributions along a line of force when diffusion
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along the field lines is operative), the starting electron
density assimed at the base level and, in particular, 1its

variation with latitude, is an extremely important factor.

An examination of the results of Thomas and Sader (1963)
shows that the electron density at 1000 km as observed by the
Alotette satellite does vary quite strongly with latitude and,
in particular, there is an important minimum in the curve under
certain circumstances near a dip latitude of 65°. This latitude
dependence was inserted into the theory so that the actual
observed electron densities at 1000 km were used. The computed
N(h) curves in the equatorial plane at great distances from
the earth were then compared with observations from whistler
data. It was found that the disagreement between theory and
observations of the exospheric plasma electron density distri-
brtion in the vicinity of the Alouette orbit (see Fig. 20)
was removed. Under certain circumstances, the disagreement at
greater distances from the earth was also removed when
reasonable assumptions about trie exospheric temperature and
about the relative ion densities at 500 km were made and the
Alouette data for summer nights used. It is possible that
at the times when the N(h) slopes far out do not agree with
theory, that some of the assumptions made in the theory were
invalid. In particular, it might be the case that composition
and temperature changes at 1000 km were inapplicable, or that
the level above which diffusive eguilibrium occurs varies with

time.

The slope of the N(h) profile in the lower exosphere (approxi-
mately 600 - 1000 km).

It has been assumed in the theory that the production
of electrons by the sun's lonizing radiations and the 1loss
of electrons by recombination are both non-existent. Thus
no attempt is made to discuss the N(h) distributions at or

near the peak of the F2 layer, though a great deal of
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observational and theoretical data are available (see for
example Thomas 1963, Rishbeth, Lyon and Peart 1963 and
references quoted therein). Instead, the discussion has
been confined to consideration of the theory which might
apply above the critical level (Johnson 1960) at about 500
km above the earth's surface.

Bauer (1962), (1963), assumed that in the vicinity of
the Alouette orbit there 1is diffusive equilibrium with O+,
He+ and H+ as the main constituents and later was able to
fit a topside profile from the Alouette satellite on the
basis of an equllibrium theory down to quite low altitudes.
The results of the theory outlined in the present work in

fhe vicinity of the Alouette orbit agree with BRauer's slopes.

The main differences between the work presented in the
report and that referred to above is that Bauer considered
an isothermal case and does not allow for centrifugal force:
both assumptions being Jjustified for the cases which Bauer
considers since he restricts hils theory to distances which
do not exceed about one earth radii above the F2 region
peak. Bauer, however, considers equilibrium in a vertical
column rather than in a column confined by a tube of force.
In the approach outlined in this report, a vertical profile
is very strongly influenced by a north-south gradient in the
temperature and ilonic composition at the base level or by a

north-south gradient in the electron density at the base level.

Since the calculations described in this report were
carried out, a number of N(h) profiles deduced from the

Alouette satellite data have been circulated.* The available

*¥ Radio Research Station, Slough, England, Topside N(h)
Profiles, Vol. I, Dec. 1963; King, J. W., et al, Radioc
Research Report No. IM 94, July 1963; and King, J. W.,
et al, Report No. IM 112, Dec. 1963.
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profiles correspond to equatorial crossings of the satellite
and were observed at the telemetry station at Singapore. From
the N(z) plots of King, et al (1963) (see footnote, pg. 46),
measurements were made of the scale height for electrons at 1000
km for one daytime and one nighttime revolution: 26 November
1962, 14:58 local time, and 15 April 1963, 20:28 local time,

respectively.

For the daytime pass, the scale height at 1000 km varies
between 170 km at 14°N latitude (consistent with 07 at 1380°K)
and 260 km at 12°S latitude (consistent with a mixture of 07
and He' at 1380°K). Around the latitude 14°N the electron
distribution is a pure exponential down to 350 km, supporting
the idea that O+ is indeed strongly predominant.

For the nighttime pass, the scale height at 1000 km varies
between 380 km at 20°N (consistent with strongly predominant
Het at 780°K--or a mixture of the Hetwith a significant
amount of O+,at a slightly higher temperature) and 620 km at
9°S (consistent with strongly predominant He+ at 1270°K--or
a mixture of He+ and a significant amount of H+ at a slightly
lower temperature). The preceding measurements show then
that the lower boundary of the helium layer is lower at

night than during the day.

From the above it appears that the scale height for
electrons at 1000 km varies strongly from day to night (by
a factor 2.4 in the above measurements) and also varies
with latitude. It is apparent that, at 1000 km, both the
ionic composition and the temperature must vary diurnally
and also with latitude, at least in the equatorial regions.
Also, it is important to note that the assumption that H+
strongly predominates at 1000 km would lead to extremely
low temperatures in order to explain scale heights as low
as 170 km (T less than 100°K).
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The slope of the N(h) profile in the upper exosphere.

An examination of the theoretical profiles of Fig. 20
shows that at very great heights the rate at which the
electron density decreases with height is often less than
the experimental observatlons indicate. Furthermore, the
slopes of the profiles near 1000 km for curves a, b, £, g,
Fig. 19a, are not in agreement with those observed from
electron density profiles deduced in the vicinility of the
Alouette orbit. The theoretical profiles of Dungey (1954),
Bates and Patterson (1961) and Johnson (1960) allow only
for the presence of H+ and not for helium. Thus, the slopes
are small even at low altitudes. The present work produces
slopes in agreement with those observed by the Alouette
satellite near its orbit in conformity with the results of

Bauer.

At the present time, untll more information is available
about the positive ion abundances at 1000 km, it is not known
to what extent profiles observed at all times can be fitted
by a simple equilibrium theory. However, it is clear that
the main features of the seasonal variations will probably,
to a large extent, be governed by the broad precepts dictated
by an equllibrium theory, although there will be diurnal
changes superimposed on the broad seasonal changes. The
theory ocutlined 1n the present paper does, under certain
circumstances, lead to electron density profiles which fall
off at great altitudes at a rate which is in agreement with
the experimental data obtained from whistlers and at the

same time gives the correct slope near the Alouette orbit.
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B. CONCLUSIONS

1. The equilibrium distributions of electrons and ions
in the earth's exosphere have been computed for a wide variety
of conditions on the assumption that diffusive equilibrium

applies.

2. The theory assumes that diffusion of electrons and

ions is possible only along the geomagnetic field lines.

3. The presence of He+ ions near the base of the
exosphere has been allowed for in the calculations. This 1is
vital for an understanding of the changes accompanying the

transition from day to night conditions.

4., The most crucial factors governing the form of these
distributions are the exospheric temperature and the ionilc
composition at ¢he base level assumed to be at 500 kilometers

above the earth's surface.

5. The strong latitude dependence of electron density
at 1000 km as observed by the Alouette satellite has been
taken into consideration in the calculations. As a result, it
is clear that the discrepancy previously observed between
theory and experiment, namely, that the electron density
gradient at great heights predicted by the theories turned
out to be much smaller than that indicated by the whistler

observations, is now removed under certain circumstances.

6. The effect of the earth's centrifugal force is
included in the calculations--its neglect would, at the
high altitudes lead to electron density values which are too
low at a given height by an amount which does not exceed
20 percent, for altitudes less than about 7 earth radii.

Although 1t is not suggested that an equilibrium theory
is adequate to describe the entire properties of the plasma
distribution in the exosphere, it is quite clear that a first

order agreement can be obtained, at any rate, in terms of
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seasonal dependencies. The basic guestion of why the electron
density at the Alouette orbit varies with latitude in the way
that it does, remains unsolved. Further work is needed to
determine the nature and the relative abundances of the
positive ions at the base of the exosphere and the dependence
of these relative abundances on the exospheric temperature.
Measurements of the relative abundances on a daily routine
basis through satellite observations will probably be necessary
hefore it is possible to determine accurately the circumstances

in which an equilibrium theory becomes inapplicable.
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APPENDIX A, GEOMETRY OF THE DIPOLE FIELD

It was assumed in this report that the actual magnetic
field of the earth could be approximated by a centered
dipole field, as indicated in Mlodnosky and Helliwell (1962).
Most of the equations quoted in this appendix appear in
Fig. 1 of that paper, to which reference should be made.
Thus, the equation of a line of force in a dipole field is

2
r cos 8
r_ cos] (A1)
o cos eo

in which the quantities are as shown in Fig. 1, page 4, of
this report. In this figure, the distance Sq along the 1line
of force with feet at eo, from the equatorial plane to the
latitude 6 is

r

s, (6_,8) = 0 - (x + sinhx.coshx)
2 J§' cos 8
(A2)
r
= © s [In (y + V1 + y2) + ¥ Jggi_;§1
2\/'3T cos8

where
y = sinhx = /3 sing

We called sy(e_) the value of s, corresponding to

6 = 6, as shown in Fig. 7, page 29:

r

sy(8,) = °—— [in (yo+ JE_I‘;gd+ vVl + vyl (A3)

2 J3 cos eo
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with
Vo = J§_S1neo

For convenience, the distance s(eo,e) between a base

level (eo) and a latitude 6 was used (see Fig. 1, page U4):
S(eo:e) = SM(QO) - Sl(eo:e) (A)‘L)

The increment of distance ds, corresponding to an

increment ds (keeping e, constant) is easily shown to be

r
ds = = ——=— V1 + 3 sin°8  coss de (A5)
cos“e

Nj O

It is clear that by means of eqg. (Al) the distances
S1» Sy and s can be written as functions of (eo,r), and
this is convenient for electron and ion density calculations
in which the exospheric temperature is assumed constant.
This procedure was used in the computations leading to

Figs. 12 and 18.

It should be noted that the inversion of eq. (A2)
[or (A4)] to give 68 as a function of 6_ and s, (or s) is
only possible numerically. Thus, in the computations leading
to Figs. 14 - 16, in which the temperature is assumed a
function of the distance s, the numerical integrations to
get z (from eq.(50)) were made using 6 as the independent

variable.
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APPENDIX B. NOTE ON THE ION DISTRIBUTION CURVES

For an isothermal exosphere, the relative electron and
ion densities can be convenlently plotted as functions of z.
Assuming that the electrons and ions all have the same tempera-
ture (i. e., C = 1), thelr relative densities are obtained
from equations (31) - (33) respectively (pages 16 - 17):

1
- - - )
ne(z) _ exp ( Z/Hl) + M, exp ( z/Hg) + ﬂ3 exp ( z/H3) (21)
n
eo Ll
n, (z) - [_ E_] [ N ] -
05, Hi neizi
ni(Z) = ?__]_“ exp [_ _Z___] [ neo ]
Reo m Hi ne[Zj (B3)
If one ilon is strongly predominant, so that only the
term for this particular ion 1s important on the right-hand
side of equation (Bl), then,
n (Z) Tie
e i Z
>~ 4 [=— exp [—-———] (BU4)
neo I 2Hi

where the suffix i refers to the strongly predominant ion.
Equation (B4) is a simple exponential and is represented by
a straight line on semi-logarithmic paper, with slope 2Hi,
(twice the scale height of the non-ionized specimen). These
straight lines are drawn in Figs. 9a - d for O+, He+ H+

J
(¢c.f. Hanson (1962)) and are labelled 2H,, 2H
respectively.

2

12 o and 2H3
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Reference to the N(z) curve of Fig. 9b shows that the
simple exponential behaviour of electron density referred to
above 1s exhibited below 100 km where O+ is strongly
predominant (note that the ordinate is z not h) and is also
exhibited above 1500 km where H+ is strongly predomlnant.
Around 500 km, although He+ is predominant, 1t is not
sufficiently strongly predominant and a straight 1line

distribution is not achieved.

Comparison of Figs. 9¢c and d shows the effect in the
slope of the N(z) curve of changing the composition at the
base level. According to Table 1, Fig. 9d corresponds to a
smaller percentage of He+ and H+ at the base level, so that
the O+ is predominant over a greater height range. Thus,
the electron density maintains a high rate of decrease over
a greater height range so that the electron density turns out
to be smaller for tThe same z, in curve d than in curve c
(Fig. 10). As a result, one sees that a change in composi-
tion is far more important than a change in temperature in
determining the value of the relative electron density as

a function of z (Fig. 10).

In equation (B2), the term exp (—z/Hi) decreases with
increasing z, whereas the term neo/ne(z) increases with
increasing z. It is therefore possible for the ion density
to 1ncrease with z, since 1t is made up of the product of

these two factors,.

The ratio of densities of two different ions as function

of z may be obtained from equation (B3):

1

e I P el (55)

which, in the logarithmic plot of Figs. 9a - e, is a straight
line with (positive) slope Hj Hi/(Hi - Hj) passing through the
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point ﬂi/ﬂj at z = Q0. These 1lines are not shown in Figs. 9a - e

but may readily be included.

Equation (B3) may be written in a more convenient form:

lnril(Z)] \ni(z)\ _ :Tl- oo [_ %—] 56)

eo eo 1

so that the geometric mean of the electron and ith ion
densities relative to the electron density at the base level
is

P

e 5]

which is our previous equation (B4) giving the asymptotic
behaviour for the relative electron density curve when the

ith ion is strongly predominant. Thus from (B6)

oo [+ s0s 222 - voe [T oo [l 20

The left-hand side of this equation 1s the arithmetic mean

of the logarithms of the electron density and the density of
the ith ion relative to the electron density at the base
level,

Thus, if relative electron density curves are plotted using
a logarithmic scale in density (as in Figs. 9a - e) then the
distribution curve for the ion 1 may be derived from a simple
geometric construction as follows. First the straight line
(B4) is plotted (slope 2Hi’ crossing the abscilssa at a value
\/ﬂi/ﬂ) then the relative electron distribution (Bl) is
plotted. For each value of z, a point is plotted such that
the horizontal distance from the point to the straight line
is the same as that from the straight line to the electron

SEL-63-110 - 56 -




distribution. The locus of these points is the 1on
distribution curve (Fig. 9b). This procedure may be
repeated for each ion.

It is clear from this construction that the ionic
transition levels (the values of z at which two ions have
the same density, 1. e., the intersection point of two
jonic distribution curves) may be alternatively identified
as the intersection of the corresponding asymptotic straight

lines.
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ASSUMPTIONS ABOUT

COMPOSITION AT 500 KM

COMPOSTITION 1

COMPOSTITTIONS 2

T °(K) 1, N5
-2 -2
2a 500 | 6.3 x 10 1.6 x 10
E3
E A | @ 750 | 3.6 x 1072 5.1 x 1072
E‘. M,=2.0 x 10 - )
5| 2¢ | 1250 | 1.1 x 10 5.1 x 10
% [T = constant] T]5 = 1.6 x 10 3 .
=3 2da | 1500 | 6.3 x 10 1.6 x 10
% 2e | 2000 | 2.0 x 107 | 1.6 x 1077
[6p] 5]
= T_°(K) Mo N3
= -
B M, = 2.0 x 10 2
3 or | 1400 | 8.0 x 10| 2.6 x 10'1*
g| [T = o(s)] T, = 1.6 x 107
TABLE 1
TEMPERATURE AND COMPOSITION ASSUMPTTIONS
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TABLE 2.

SUMMARY OF PRESENTATION OF RESULTS

ASSUMPTIONS ABOUT COMPOSITION AT 500 KILOMETERS
COMPOSITION 1 COMPOSITIONS 2 Quantity
Plotted
1000 T
[, 5 (1000) ] My 5 (1))
Fig. 9a T = 500
— T = 1000 Fig. 9b .
2 Fig. 10| pig. 9a T = 1500 N(z)
@ T = 1500 Fig. 9c
2 > e Fig. 9e T = 2000
5
© a. 6 = L4g5°
n 1000 o
. Q
& T = Fig. 12 b. 0 =55 T = 1500 N(s)
< 1500 c. 6 =65°
0
0 = 35°
T.(s) ©
1 b. 6 = h5°
. — o
o (s) Fig. 14 c. GO = 55 Tg(s) N(s)
E 2 d. 90 = 65
i
2] = =
% = winter l(s) winter l(s)
; 0 Fig. 15a |Fig. 15Db R(6,h)
5 = - =
Q - summer 2(8) summer TE(S)
<q M
0
=
o [}
E Tl(s) 6 =0
% Fig. 16 . 6 = 30° N(h)
% T,(s) c. 6 = 60°
[ 750
750 a. summer day 1250
T =& 1000 Fig. 18{ T = 1500
. 5000 c. winter day
g 2000
ﬁ .
8 N(h)
[ r OO
1 > b. summer 500
= o 750 Fig. 18 night 7 = 4 750
- 1000 d. winter
night 1500
1500
.
l
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FIG. 8. VARIATION OF THE ION COMPOSITION AT 500 KM WITH THE
TEMPERATURE AT THAT LEVEL (BAUER 1963).
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BASE COMPOSITION 2a
T=500 °K

SLOPE 2Hz=32H,

ELECTRONS

s Mz /o-\\
TR

RELATIVE DENSITIES

FIG. 9a. RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE
GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSPHERE. The form of
the distributions depends strongly on the assumed base level com-
position and the assumed temperature as may be seen by comparing
the above with the subsequent figures.
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BASE COMPOSITION |
= 000 °K

ok : Y
1074 [ 0'2/ \lO'\ !
T3 /s /T
mm "
RELATIVE DENSITIES

FIG. 9b. RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE
GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSPHERE. Comparison
with Fig. 9c¢ indicates the effect on the distributions of chang-
ing the temperature only.
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BASE COMPOSITION |
T=1500° K

ELECTRONS

N 1500 -
+ +
1000 -~ 35 He=—H
t oyt
500 - +_‘»H +
€

s’ .
| yi

O 1 y [
IO% -3 1072 \ICN

M3 nz/m v 2
Y

Y| n 7
RELATIVE DENSITIES

FIG. 9¢c. RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE
GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSPHERE. Comparison
with Fig. 9b indicates the effect on the distributions of chang-
ing the temperature only. Comparison with Fig. 9d reveals the
effect of changing the base composition only.
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BASE COMPOSITION 2d
T=1500° K

HetwH*
ELECTRONS

()4:_'-_*‘*‘ )
0tsHet

() ;'. /|
1074 0‘3/ \0"
M3 Tl «/"73«/"72
n M n 7
RELATIVE DENSITIES

FIG. 9d. RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE
GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSPHERE. Comparison
with Fig. 9c¢ reveals the effect of changing the base composition
only.
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\ \ BASE COMPOSITION 2e
3500 - \&\ T=2000° K
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FIG. 9e. RELATIVE ELECTRON AND ION DENSITIES AS A FUNCTION OF THE
GEOPOTENTIAL HEIGHT, z, FOR AN ISOTHERMAL EXOSPHERE WITH A
RELATIVELY HIGH TEMPERATURE.
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2500 -
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z, km

| 500 -

| 000 -
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()l |
0% 10° 1072
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FIG. 10, SUMMARY OF THE RESULTS OF FIGS. 9a - e FOR THE RELATIVE
ELECTRON DENSITY DISTRIBUTIONS IN THE EXOSPHERE OVER A WIDE
RANGE OF CONDITIONS.
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3000 - /

2500 - /

2000 - /

ION TRANSITION LEVELS, z,km

500 1000 1500 2000
TEMPERATURE, °K

FIG. 11. THE VARIATION WITH TEMPERATURE OF THE LEVELS AT WHICH
THE IONS INDICATED HAVE EQUAL ABUNDANCES. The broken lines
correspond to the cases when the composition at the base level
depends on the temperature there (through equations (65)). The
continuous lines correspond to the case when the composition at
the base level is independent of temperature (Composition 1).
These results are in agreement with those presented earlier by
Bauer (1962).
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EN

RELATIVE ELECTRON DENSITY

. T =1000° K
N 0 =350 Ol Tr= °
-0 Toz=1400° K} 7718007 K
103 =
n COMPOSITION 2f
= — T2 (S)
2 E
0 (s
b \\-—- 2 -\
» 12135)
= COMPOSITION |
10 E
|O I I AN R A T A T D R D R R R R R |
0 2 4 6 8 10

DISTANCE ALONG FIELD LINE, s, 103 km

FIG. 14a. TO ILLUSTRATE, FOR A NON-ISOTHERMAL EXOSPHERE (SEE
FIG. 13), THE RELATIVE ELECTRON DENSITY DISTRIBUTION ALONG A
FIELD LINE WITH FEET (AT 500 KM ABOVE THE EARTH) AT GEOMAG-
NETIC LATITUDE 35° (SEE TABLES 1 AND 2).

- 75 - SEL-63-110



‘(z aNy T STIGvl AAS) S% FANLILYI OILANDVNOID IV (HIUVH
AHL FAOAY WM 00S LV) IZdJ HLIM INIT QI4I4 V DNOTV NOILNGIYLSIA ALISNAA NOYIOTTA
AAILVIAY HHL ‘(€T "HId ddS) TYAHISOXA TVWHIHLOSI-NON V HO4 ‘ALVHLSATII Ol “d%T "HIA

W) ¢OI ‘s “aNIT @314 ONOV 3FONVLSIA

14 2l Ol 8 9 v 2 o .
_ _ I | _ [ _ _ _ | | _ _ _ Ol

31 -0l
_ zo;_mon_zoo% i
(8)°L— N 45 -0l
(s)'L 3
(s)2L— \ i
12 NOILISOdWO?D
4 ¢-0l
_20 =
3 J00g1=dy { 200V _OH oGb=08 .
M 00001=101 i

-0l

ALISN3A NOY193713 3AILVTI3N

_76_

SEL-63-110




*pojoaT8su ueaq pey 90J07 TednITJa3udd ayjz J1

paute3qo usaq SABY PINOM UYOTUYm SUOTINQTIISIP 9Yl d3eOIPUT SSUIT USYOJIQ OYJ
“(g GNV T SATAV.L IS) 89 HAALILYT DILANDVWOID LV (HI¥VA FHL FAA0DY WA 008
e<v LIdd HLIM INIT QTII4 V DNOTV NOILNEGIYLSIA ALISNIQ NOYLOATH HAILVIZY

qHL ‘(€T 'HId IS ) TYTHASOXH TYWHIHLOSI-NON V ¥OA ‘FLVHLSATII OL "°pT 'DIJ

WY ¢OI *s “3NIT @131 9NOV 3IONVLSIA

e 2¢¢ 02 8l 9l +1 21 O 8 9 + ¢ O .
T TR | | I Ol

H | -0l

| NOILISOdWO? i
(S)el— 32-0l
Amv Fhﬂllﬂ-1l1llJl|lMWlJlll1ll1il - m
()8 -
32 NOILISOdWO)D

1¢-01
M «00t1=201 .
M 0008I=11 gs =%g N
° M 00001=10) ° i

L

<
'
=

ALISN3Id NOYLO313 3JAILVI3N

SEL-63-110

-77_



*poi1oaTddu udsq pey ©0a0F [B3NJTJI3UL9D OY} IT

pouTe1qo uddq JABY PINOM YDTUYM SUOTINQTIISIP SYJ S93BITPUT SIBUIT UdYOI(q BY]L

.AN aNVY T STIdVL Mva .59 HANLILVT DILINDVHNOID IV Amhm<m HYHL JAOIY WA 00S

B<v IAdd HLIM ANIT IdIJd V DNOTV NOILA9IYLISIA ALISNIA NOULOATH HAILVIIY
HHL ,Ama ‘DI mmmv TYIHISOXT TVWHIHIOSI-NON V 4O ‘AILVYISATII Ol "PPI "DIA

wy ¢ Ol ‘s ‘30404 40 3NIT ONOTIV 3ONVLSId
oS ov o¢ 0¢ 0]
|

L1 lIIllIo
O

1-0l

ALISN3A NOY1D313 3AILVI3Y

| NOILISOdWOD
42-0l
(s)°L 7/ m
(s)'L ..KL.\.H ..... === i
@NF\\ "Nz NOLLISOdW0D N
3€-
M 00041201 .
-1 .
A o008I=-"L 9 .0001=10] -G9=0pg ]
— -0l

- 78 -

SEL-63-110




‘E1

‘814 ut pajea)

-SNT]I ST UOTINQII}SIpP dxnjesadwai paunsse ayl ‘Arsnorasad suop sem se ‘WY QO 1e Pash ST

(1 @198 mmmv T uotjtrsodwo)

0oL

09

saaibap ‘3anLliLv J1L3INOVNO3I9
06 ob (0} 0¢ Ol

Ll

I 1 I 1 1 I 1B | | |

H3WAWNS ANV H3LNIM NI | NOILISOdWOD

000l
000¢

OOON\

006G
wy ‘3an1iLv

L

‘SHAALILTV INFUIJAAIA 40 YHIGWAN V 4YO4d YAWANNS NI JANLILIV ANV

NOILVDOT AWNVS HHIL IV LVHL Ol ¥AINIM NI ALISNAIQ NOHIOATE HHL 40 OILVY UHLOIAHYd AHL "BST 'DIJ

0¢

HBWWHSN/HB.LNIMN o11vY

SEL-63-110

_79_



‘el
uoTINQIIISIP 2anjessdwa] paunsse Yyl
wwmv Iz pue I suorjtsodwo)

saaibap ‘3aNLILYT JIL3INOVNO39
06 ov 0} (074

‘814 ur pojealsnITT ST

*A1snotadxd suop sem se ‘WY QOG 3B pasSh aJae AH =R kA
*SHANLILIV INTHAJAIA A0 YHGWAN V H04 YHWNAS NI HAALILIV ANV
NOILVOOT HWVS HHI IV IVHL Ol YIINIM NI ALISNAQ NOUILDATH HHL 40 OILVY (ALOIATYd HHL

‘96T "OIA

Ol 0]

wy ‘3an.LiLv
d3IWWNS NI § 2

SILNIM NI 1 SNOLL

o'l

16|

ISOdWOD |

L1

07¢

HINWNS) /BEI.LNIMN OILLVY

- 80 -

SEL-63-110




"€T '3t1g utr A11ed

~-T3eWAYdS Pa3eIISNTIT dJe pue (g99) uorjenbs Lq uaat8 eae autry pro1y e 3uore

sSuOTINGTI3SIPp danjesadwsal oyl (g pue [ sa1qel @og) oo\woﬁ aq 03 paunsse
sem wy Q00T 38 £3TSudp uox3dard 8yl ‘TIIJ0¥d (U)N TVIYOLVNDE "e9T "DIA

Wy Ol ‘LHOIFH

Ob 9¢ ¢¢€ 82 2 02 9 21 8 v O
I | | ! I I | I I I w mwmv_
1 P
= *VAV_ mﬂ
= —
m D
- O
- <
o
2 3¢013
(S)el~_ . = wm
)1 | NOILISOdW02Z i =
) 2
4 20l w.
= w
3711404d TVIHOL1vYND3 n

Ol

SEL-63-110

- 8 -



€1

*381T4 Ul A1TeOT3eWdYDS pajlevaIl

-SNTIT oJe pue Amov uotjenba £q uoaTd oJe ouIT PIoTI B SuOole SUOTINQTIIISIP
aanjeaadwel oY, .AN pue 1 sai1qel wowv oo\voH 8q 03 pauwnsse sem W 0001
je £3Tsuap uoJ3091d dYL  0€ TAALILVI DILIANDVNOID LV ITIL0Ud Asvz 'q91 "DIJA

Wy <Ol “LHOIZH

by Ob 9¢ 2¢ 82 $2 02 9 ¢I 8 ¥
| | |

LI o
n
)

¢
o

1L 1LItll

\p)

(s)°L ,
(s)'L | NOwLISoanon

o0¢ 3ANLILVT

RN

‘o o
¢-Wd ‘ALISN3A NOYL0313

L Lt

|

- 82 -

SEL-63-110




‘€T "8T14 ur ATT1EOTIBWAYDS
pa2jeaisniil 9Ie pue Awmv uotjenba £q uoA1S8 oJe Sull PIOTJ B BuoTle suoIINQqIJIL
-sTp aanjegadwaj a8yl (g pue T S$3TqeL mwmv oo\vOa aq 03 paunsse Ssem WY Q00T
je £3TSUSp UOJI3IDBTR Byl ° 09 FIANLILYT DILANDVNOIAD LV HTIJ0Ud A:vz *09T "HId

Wy ¢Ol ‘LHOI3H
25 8b by Ob 9¢ 2¢ 82 b2 02 9 21 8 v
| [

0
| | | i | | | I | | | MM mmﬁv_
1 . F
— *uﬁu_ mu
- -
- P §)
- O
- 4
(|
5¢0lM
(s)2L 7 3" &
_ Z =
S NOLISoaN0o~ 1 =
09 30UV 42013
p W

Ol

SEL-63-110

- 83 -



*gjep ©310N0Ty [eTJ03enba YiTM jua3lsisuod ATyd3noa age yosTIym suotrieyiod
—BJI1XO OJB SOUTIT USYOJI(Q OYj puUB SONTEA PIAISSYO 3JB SOUTIT SNONUTIuod ayl .Amwmﬁ vIAVS ANV
SYWOHL 40 SIINSHY dHI NO QMmeﬁV WY 000T IV ALISNAQ NOYIDATA AvVd IIING ADVUIAV FHL LT 'DIA

‘N soaibap ‘3anLlilvi did
08 0L 09 0¢ oV (03 0o¢ Ol

| | | | I | | |

o

.
———
.
e
—
-~
—

——
——
——
h TR,

e
—
——

|

-
—~—
— —

1HOIN H3IWWNS ~———
AVa HILNMZ
- 42
AVA HANWNS — “T=—o_

gWd /4,01 ALISN3AQ NO¥.LO373

L
9]

3113N071V
W) 000l LV ALISNId NOY1O314

- 8L -

SEL-63-110




"(z pue T sarqel 29g) pa3eal

-SNTIT aJde suorirsodwod pue saanjeasdws) oTJ2Yydsoxe TBWIBYIOST JO L13TJIBA OPTA

B JOJ S9AIN)  SAVA HAWANS HOJA WY 000T IV ALISNAA NOYLOATI FHI ¥Od ViIvd ALLINOTY
qIA¥ISE0 NO qISvd SATIJOMd (U)N TIVIYOLYNDA QALOIAA¥d ATIVOILINOAHIL ‘B8 'DIJ

1IPDJ Y}p3 “3ONVLSIA OIHLIN3D039

L 9 G b ¢ 2 _
I 1 I T 1 1 _
Ol _._._m
q
X
201 S
o
m
2
%
mnu_mu
(@]
mM
$Ol o
———2 SNOILISOdW0D
———— | NOILISOdWO09
AVA Y¥3IWWNS g0l

S371404d VIHOLvNO3

SEL-63-110

- 85 -



‘y1Jaee ayjl woJXJ S9d0uejlsSIP 2eaa8 je 3Jy3Ieoy YiIm AJTSUIP UOIIOS[d JO

JJO TTeJF JO o3BJI 8YJ UT 9SEdIOUT PoOJIBW d9Y) d30N (g pue T soIqel mmwv pajeal

-sNTIT oae suoriisodwoo pue saanjesadws)l oTaaydsoxse [eWISYJOST JO £38TJIEA SPTM B

J0F saaan)y ' SIHHIN YAWANS HOJA WM 000T IV ALISNIAQ NOUIOATH HHIL Y04 VIVd ILLINOTY
JIAYI S0 NO qdSvd STTIA0Ud A:vz TYINOLVAOT QALOICAYd ATIVOILIYOIHL "d8T 'DIA

1IpDJ Y{iD3 ‘IONVLSIA JILINIO039
9 ] 14 ¢ 4 _

——

| T T I I 1 |

Ol

50!
¢Ol
———2 SNOILISOdWOD \5 4,0l
— 1 NOILISOdWO9
<Ol

1HOIN Y3IWWNS
S3711404d "viHO1vNO3

»-

e WO ‘ALISN3IA NOY.LO3T3

- 86 -

SEL-63-110




“(g pue 1 saiqel 88g) pajeal

-snTTT axe suotrjitsodwod pue saanjesadwsl o1I9ydsoxs TEWIAYIOST JO A38TJIBA OPTIM

B J0J S8AJINY ‘' SAVA HALNIM ¥O0d WH 000T LV ALISNIQ NOYLOITE FHIL ¥Od Vivd ALLINOTY
IAYASH0 NO aiIsvd SATIA0Nd A:vz TYINOLYADT QALOIAAYd ATIVOILAHOTHL 981 'HIA

1IpPDJ Y4403 *IONVLSIA OIYLNID039
9 S b ¢ 2

-

| | | | | _

el i

Ol

—-—-2¢2 SNOILISOdWNO0D
—— | NOILISOdOD

TN T TR TN T TR
e 5 %
¢-WO ‘ALISN3A NOYL1D3 13

s}
=

AVQ H3LNIM
S3T1404d 1VIHOLVNO3

SEL-63-110

- 87 -



(¢ pue 1 sa1qe] 99§5) paiexl

-snTI1 8Je suorjlrisodwod pue saanjesadwsdl O149Yydsoxd TrWISYIOST JO AJSTJEA SPIM E

JI0F $9AaN)  SIHOIN YAINIM HO4 WY 000T IV ALISNAA NOYLOITA AHL ¥Od VIV ALLINOTY
qIA¥ISE0 NO aIsvd STTIA0Yd (U)N TVIHOLYADE QALOIAAY¥d ATIVOILIYOIHL P8I 'DIA

1IPDJ4 Y4403 ‘IONVLSIA JIMLINIO03O

9 G v ¢ 2 |
| | | | | _
2o @
m
. @)
4 4
- i
3 o
= NO_N
- (@)
a m
- 2
i o
3 nnv_nu
1 o
i 3
3 0l w
—--2 SNOILISOdWO0)D -
— | NOILISOdWOD ]
1HOIN HILNIM = g0l

S3711404d VIHO1vNO3

- 88 -

SEL-63-110




'SuoTINQTIISIP  (U)N TEDTI9I08Y) pajdrpaxd
8y} 8Je UMOYS SdAIND YL P - BYI 'SDIJ JO SITNSTY FHL A0 AYVWNAS 98T 'DIA

W) 000! 1v 3NIT @734 40 1004 40 3dN.LiLv

9 09 0S Oy 0£02 O
| | ! I ! ] LI L I

PDJ Y03 ‘IONVLSIA JILNIO03D

9 S b ¢ 2 !
T _ T T T Ol

P ]

5 E
. 720

D 3
LHOIN HIWANS P 70

1HOIN N¥3INIM O ]

VA HM3INM G E
AVd M3IWANS D 70!

p2 NOILISOdWOD ‘Mo O0GI =1
S3d0¥d IVIHO1vND3

c_WO “ALISN3A NOYLD3T3

SEL-63-110

- 8 -



*sI9Y30 9Y] WOJIJ QUDISIITIP oI Y3IJIed 8Yj WOoJIJ S90ueiISIp 3Jedad

18 p pur o sdAInd Jo sadols a9yl ‘OsIy Wy QOQI Je3U SJI9YI0 3YJ WOJIJ JUdIIT

-ITp ATTBTIUBISONS 9JIB & pue p ‘O saaand Jo sadors ayi 3eyl 230N ‘sLep Jauwns

JI0J BJBp 9119N0TY J0J @ 9AJIND pue s3ydTu JAauUWNS JOJ BIEP 9319NO[Y UO pPIaseq dJe

p pue 0 s2AInN) 9 pue p ‘O $9AIND JOJ PIsSN uddq sey ([ o[qel) [ uorirsodwod

"A19at3vadsea ¥ 00ST ‘00ST ‘082 ‘0001 ‘0007 @de @ - e saaand J0J saanjexadwa)
oYL " SYINYOM JO YIAWAN V Ad QILOIAI¥d SATIJI04d (U)N TVOILIHOIHL "©6T "DIJ

IIpD4 Y4403 ‘IONVLSIQ OI¥LN3D039
9 G v ¢ 2 _

1 T T T T |

0961 NOSNHOr B
bG61 A3ONNG

3 oo P
9 SYWOHL—IWNVH3ONY { P Al
_ o —
oy
P 196l zcmmEEAn o &
8 s31ve b rAdiR =
5 M
R —— 5
° % Au ,,,,,,, llllllllllllllllll S~ MAU_ mw
Hu lllllll — ll:l.ll ///1 -
E—— o
$Ol &
mﬁu_

S371404d "1VIOIL3HO3HL

- 90 -

SEL-63-110




" (STTIL0¥d TVYIHOLYNDA )

ALISNIA NOHLOITH DIYIHASOXHT 40 SNOILVAHISHO TVINIWNIYAIXT A0 SATIANVXE "A6T

1IPO4 Y4403 *IONVLSIQ OI¥LIN3ID039
L 9 G 14 ¢ [/

‘DIA

| I I I | |

HINW '8 MOINNVA-ILNOHOS
ANSAOTINHIS

S37 MO8

3d0d

HLINS

INVH3ONV 8 ¥3LN3d¥VD
NJ001V

A3JYHOLS

S311408d TVIN3IWIY3dX3

Uil o8 el

meeil o

TN

Ol

e-WO ‘ALISN3AQ NOY10313

SEL-63-110

- 91 -



“9T1T Wy QOOT JOJ SUOTIBAJISSQO 9138NOTY oYl UYoTym ul uordoa ojewrxoxdde

oYj S91ed0TpuUI Wy QQOT Jedu SUuIpeYS [EOT3I9A 3] "SI 01 PdAIdSqo dae qgl "J1d JO

sor1J0ad Tejusutgadxe oyl YOIUM UTYITM uoI8oa oyj L[o3swixoadde soutrjep eaJge popByS

AT1TeuoSeIp oYl ‘BT ‘ST4 UT PIQTJIOSSP 9soyjl oJe § - B S9AIND Y], "ANVId TVIYOLVNOI
‘0¢ 'DIA

JHL NI SdTIJ0Yd Asvz OIUHHASOXHT TVOILIUOTHL ANV 'TVININIYAIXT A0 NOSIHVANOD

IlpDa YylD3 “3ONVISIA JIMLIN3D039

L 9 G 74 ¢ P4 |

r T I T T T
5 \ j
“U ‘A“mmmmmmmmmmmmmmm“V WM
\\\\\\\\\\\\\\\\ =
p—r—. ;\\;mvummwmmmwwwssv Z
o Aulll llllll \““”\\&WNV““II’& W

A“v.,/ )

u— e —— "\\\“\\“\“\Nu“““\uw\o\«\:\ w ~ -
ll.ll‘\,;VlﬂwmrﬂmWf M
S311408d  TVIHOLYNO3 M

IVOIL3YO03HL ANV IVAN3IWIH3dXd

o B
o
|._
e

No_ 2
O
m
pd
2]
cOl M
(@)
3
pO &
Ol

SEL-63-110




.AhH .wﬂmv SUOTJTPUOD JYSTU JBUWNS JOJ ©31389NOTy Aq ULATS jevY]
9q 031 uade] Sem wy QOOI 2t AJTSUDP UOJI}IDTd 9YJ, 'I2A9] dseq oYyl 1® Aﬁ wanmev
T uotrjrsodwo) OTuoOT pue y ,  000T FO dJanjesadud)l d119ydsoxd juelsuod e Juiunsse

pajindwod sem 9AIND [EOT39J09Y3 BYL " INANIYAJXA ANV AYOTHL 40 NOSIUVANOD ~“1g 'DId
1IPDJ Y03 ‘IONVLSIQ DIHLN3O039
9 S b ¢ 2 _
I I _ _ _ l
1o f
(VIIL3YOIHL) | m
SVWOHL 3 INVYIONV 4 9
50!
. o
= m
= P
= 1
1e% 2
- o
3§ 3
0 &
S3408d WIHOLVNO3 5
VOIL3HO3HL ANV TIVAN3NWIME3dX3 =

SEL-63-110

- 93 -



‘quowsaalde pood ATQrUOSESI UT OJB SOTiled paldTpaad ATTeOT39J09Y] 9Y]

-NOD 1V W 000T IV ALISNAQd NOYIOATE JHL 40 SOILVY AALOIAIUd ANV QIAYISHO

s9a.4bap ‘3an.LILv JILINOVWOID

‘poJIapPIS
-uoo a3ued apniTiel 8yl I9A0 ¢'(Q Ar9jewrxoadde SI1 orjed Y] ‘pJoJuels e SUOT]

-BAJOSQO 913319N0OTY JI91UTIM pur Jouwns uo paseq ST soljed Aep 191nb s8eadse paaxasqo
oyl SutAI8 OUTIT SIPPIW 9YL ' STYIHISINIH YIWNNS ANV YILNIM THL NI SINIOd dLVIAL

'2¢ 'HId

0L 09 0)°] (0]~ (0}
T T T

{ 1

37 SOILvY A3AY3SE0 TV HOIHM NI NOI93d
S3LVIIANI V3¥V omoafm/

T
7.

NOILVIHVA AVA L3INO 3OVY3AV
NO @3svg Ollvd d3AY3SsdO

SOILVY @3101d348d A1vIOIL3HO3HL @

\<|..

o'l

ql

d3NNNS N /HH.I.NIM N OlLVY

- 94 -

SEL-63-110




